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) . F IBERS MATRICES AND CON.[POSITE MATERIALS

R ~ Advanced composite materials usua]ly consist of two constituents, i.c., the reinforcing |
A " “element and the supportmg matrix. The reinforcing element being much stiffer and
stronger than the matrix carries the load, and ‘the matrix provides protection and
lateral support to the reinforcing element. Since materials are much stronger in fibrous
form than in bulk form, many reinforcing elements in advanced composites are high
) performance fibers. Tt is conceivable that properties of fiber-reinforced composites
y can be tailored by the selection of fiber and matrix systems and by varying fiber
5 volume m Therefore, it is crucial to have a good understandmg of avarlable
3 : remforcmg ﬁbers and matrices and thelr propertles o :

} 1 1 FIBERS .. . SR . o oo . qj%ﬁ L ‘Lu[) ufc
i The principal re;rnforgemesr}t fibers used in adva&ce compos;tes include boron, car-~
o “bon (graphite), glass, celamic, and aramid (I{evla‘r) fibers. They are used in the
! “continuous form or- chopped into various lengths. Boron, carbon, and ceramic fibers
. offer excellent stiffness and strength properties, while glass and aramid fibers ‘offer ;
) high' strengths and moderate stiffnesses. Table 1. 1 presents typlcal propertles of these o
' " fibers. The properties of some steel aind- alunnnum a.lloys are a.lso llsted for compar:t~
son. -

ment. Currently, boron fibers are produced by chermcal vapor deposmon from a
. gaseous nuxture of hydrogen a.nd boron tnchlonde (BCIg) on an electrlca,lly heated _
strate is contmuously pulled through the reactorwﬁ_‘} varying the speed, the desired
“boron coating thickness can be achieved. Currently boron fibers are produced in sizes
of 4 mils. (100 pm), 5.6 mils. (140 pm), and 8 mils. (200 ;m) diameter. Boron fibers
have been modified by coating them with silicon carbide (SiC) ‘and boron ca;rbzde
(B4C) to improve the mechanical properties of their metal matrix composites. —

‘ Boron fiber exhibits very hlgh strength and modulus properties. Unfortu-
Y “nately, at this time, its cost is still very high due mainly to the high cost of tungsten
§ ) ‘filament and boron tncﬂp&de In order to lower the cost of boron ﬁbers, the tung-
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4 FIBERS, MATRICES, AND COMPOSITE MATERIALS

production rate and, thus, to savings.

Carbon (Graphite) Fibers are manufactured from a variety of precursors
or starting material fibers. The precursor is carbonized through the use of high
temperature up to 1700°C. Carbon fiber can be graphitized by heat treatment at
higher temperatures for improved performance. The so called graphite fibers do not
contain only graphite. In fact, they consist mainly of carbon. The amount of graphite
in the fibers depends on the heat treatment temperature. The higher temperature in
the final processing increases the percentage of graphite.

The popular precursors used for making graphite fibers include polyacryloni-

trile (PAN), pitch, and rayon. Graphite fibers from PAN precursors have been the
most popular in recent years. Most of the graphite fibers that are commercially avail-
able range in diameter from 0.3 to 0.5 mil. (7 to 13 pm). In general, cross sections

- vary from circular to oval shape depending on the precursor and process used.

The process by which PAN is converted into carbon fibers involves the follow-

- ing steps. First, the precursor is stretched to align the molecular orientation parallel
. to the fiber and then locked in this posmon by heat treatment at 220°C in air. The

subsequent carbonization is carried out in an inert atmosphere at temperatures rang-

~ ing from 1000°C to 1500°C during. which the fibers are transformed into carbon fibers.

It is during this stage that high mechanical properties are developed. The final stage
involves the graphitization heat treatment at temperatures exceeding 1800°C which
yields better tensile modulus by increasing the carbon content and improving the
crystallite structure and preferred orientation of the graphite like crystallites.

Pitch and other similar materials are the by-products of distillation of coal

and petroleum refining.. ‘The fibers are, in general, produced by first transforming the
- pitch into a liquid crystalline (mesophase) state for an extended period of time. This *

is done at 400-500°C in an inert atmosphere. The mesophase. pitch is then spun into

filament form and subsequently carbonized and graphitized at higher temperatures.

The cost of pitch is low. However, this process is more costly than that of the PAN
based graphite fibers. -
Rayon is a cellulosic materlal obtamed from wood pulp The ﬁbers have been

'_ ueed in textiles for clothing and tire cord. The process of convertmg rayon fiber pre-

cursors into carbon fibers requires the following steps: alow temperature sta.blhza.tlon
heat treatment, a carbonization treatment at 1300°C, and a stretch graphitization
treatment at 2800—3000°C "The tension applied during gra.plntlzatmn is needed. to
align the disordered array of graphlte in the direction of the fiber. High mechanical
property levels cannot be obtained without stretching, Rayon based graphite fibers
are very expensive due to the extremely high temperatures required for their stretch
grap}utlzatlon

Glass Fibers are still the most popula:r remforcement materlals for making
composites due to their low cost and high strength. The two most used glass fibers
are E glass (alumninoborosilicate) and S glass (magnesium aluminosilicate). S glass
offers higher tensile strength and better properties at. elevated tempera.turaa The
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) diameters of the glass fibers range from 0.1 to 0.8 mil. (3—20 m)
. Aramid Fibers are the generic name for fibers formed from polymers. Du

o Pont’s Kevlar ﬁbers are most rmportant in composrtes applications. Kevlar fibers are
! light and’ ‘possess very hlgh strength and rather high modulus.. They are inherently
resistant. to flame and high temperature they do not melt but will decompose at
appromma,tely 500°C. Kevlar fibers are not brittle, and yarns of these fibers can be
woven into fabrics. They have the unique property in a negative coeﬂiczent of thermal

ol ~ expansion in the longitudinal direction. :
) ' ~ Kevlar fibers have a relatlvely high moisture absorptlon capablhty (up to 5-6

percent) They are subject to degradation by ultraviolet light with the consequence
of a substantial reduction in strength However, this problem is minimized by the
fact that the matrix material in the composﬂ:e may shield the fibers from ultraviolet
hght In genera.l Kevlars ha.ve good remstance to lubncants oﬂs a.nd solvents except

g for some strong acids.
O -+ Afewother remforcmg fibers worth mentioning are sxhcon carbide (SlC) fiber,

silicon carbide whisker, and aluminum oxide (Al,Oj;) fiber. These fibers possess
: comnmon quality in their inherent high temperature stability, thus are most suitable
- ~for metal matrlx and cera.lmc composﬂ:es whrch reqmre h_tgh temperature fabrlcatlon
p, ' processes

g Table 1.1 Mechanical Propertles of Fibers, Matrix Materla_ls and
- Conventional Metals

_— : : : Tensile  ~ *° Tensile - IR
.“} N a ‘ Moduhls ~ Strength ° Density | -
. Material G’Pa. (ms1) GPa.(km) ' g/cm3 |
5.} o [Fber — — —
E-Glass .~ 770(11) ' 35(500)-'- o4
S-Glass 85.0(12) \ 45(650) 248
Silicon Carbide"(Nicalon)' . 190:0(27) \ 2.8(400) - 255 |
Carbon (Hercules AS4) -~ 240.0(35) 36(510) 180} -
Carbon (Hercules IM7) - 280.0(40) 1 0 5.2(750) 0 1.80 |
| Carbon (Toray T300) 240.0(35) ! . 35(500) 1807
) | Boron | 385.0(55) | 3.5(500) 2.65
) Aramid (Kevlar-49)  ~ 130.0(18). / 3.8(550) - -;.g§_i__;
) . | Aramid (Kevlar-29) _ 65.0(9.5) 138(550)- o Ldsy
g ' 'Polymerlc Resin A E I
| Epoxy " 0 3550(0507) 005»0 13(7-20) 120 |
|Polyester - 245(03007) 004-007(6-10) 1.10-140|
| Thermoplastic (PEEK)  ~ &0(0.7)
g ' | Metal - -
0 o |Steel . 2100(30) - 0.34-210(50-300)  7.80
¢ | Alumirm Alloys 0 70.0(10) T 0.14-0.62(20-90) 270"
| Titanium (Ti-6AL4V)  110(16) ~ ~ 0.92(134) 446
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1.2 MATRIX MATERIALS

- Matrix materials commonly used in forming composites can be categonzed into epoxy

based thermoset resins, thermoplastics, ceramics, and metals. Epoxy resins are

| compatlble with all types of fibers and are used for the majority of advanced composite
 materials. The strength of epoxy can be as high as 60 MPa (9 ksi) and the modulus
- greater than 3450 MPa (0.5 msi). A wide variety of epoxy resins and curing a.gents

which can be formulated to give a broad range of properties.

~ Polyester resins offer the advantages of good mechanical, chemical, and elec-
trical properties, dimensional stability, ease of handling, and low cost. Addltzves are
easily incorporated into polyester resin systems to provide flame retardant properties,

" superior surface finishes, pigmentation, weather resistance, and low shrink properties. _

Inorganic or inert materials are often a.dded to result in better surface appearance,
moldability, and lower cost. They are popular in making reinforced plastics for auto-
mobile parts. Epoxies offer better dimensional stability and mechanical strength to
welght ratios. They are not as economical as polyesters but their excellent properties
can make them the cost/performance preference in critical applications. _

-Polyimide resins are thermosettmg resins for high temperature a.pphcatlons
These materials may be used at temperatures up to 350°C . At present, processmg
these mafterials is more difficult and time consuming than processing epoxy resins.

- Thermoplastic polymers can be suitable for making fibrous composites.
The main advantages of thermoplastics over thermoset resins are their notably high
elongation to failure, unlimited self life, and the capability of being reformed at
elevated temperatures. The resulting composite can be sheared, stamped, dimpled,
and hot. formed using adapted metal working equipment. In addition, the short
process cycle time makes thermoplastic composites extremely attractive for mass
production. One of the thermoplastic matrix used in advanced composn:es is PEEK
(poly-ether-ether-ketone) :

For high temperature application; ;n%_%(e g., aluminum and titanivm alloys)
and ceramics are used as the matrix for composites.  Metal-matrix and ceramic-
matrix composites are much more difficult and expensive to process At his time,
their potentlal has not been fully exploﬂ:ed = o

1.3 COMPOSITES

Composﬂ:es are formed by combining reinforcing fibers and. matrix materials. The
properties of a composite obviously depend on the type of fiber and matrix used as
well as the fiber volume fraction. Mixing different types of fibers in forming hybrid
cornposites is also very attractive since hybrld composites may offer better properties
and potential savings.

In general, the reinforcements in 2 composite take the form of contmuous fibers
or short fibers. For the former, fibers may be unidirectional or in the form of woven
fabrics. Multi-directional reinforcement pref_o_r:__ms can also be produced using various
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techmques such as bra1d1ng _
There are more than a dozen basic | processes belng utlhzed to fabrlcate compos—

- ites. Among them are injection molding, compression moldmg, pressure bag molding,
~ resin transfer molding, filament winding, and continuous pultrusion. Each process
" has its own characterlstlcs and lmitations. The selection of The fabrication process

is often dictated by the resin system and part size, shape, and production rate.
Most of the epoxy based advanced composites are fabricated from unidirec-
tional and fabric ”prepregs”, which are. layers of umdlrectlona,l fibers or fabric im-
pregnated with predetermined amounts of uniformly distributed resin supported by a-
thin backing paper. These prepreg tapes must be kept at very low temperature (0°F) '

‘to prolong their shelf life. Autoclave vacuum bag molding under heat and pressure is

the most common process used i in the aerospace industry. The amount of resin in the
prepregs can be controlled coupled w1th the controlled pressure in the curing cycle to

s result in the desired fiber content.

‘Bag SealmgComeound -

Nylon Vaouum Bag _
Glass Cloth Breather

Aluminum Caul Plate
' - Barrter Film (Mylar, 2mils). '
Glass Cloth Bleeder
r Teflon Coated Vent Cloth

Alummum Tool ( Releasc Coated)

: Fig. 1.1 Autoclave vacuum—bag curing

In the autoclave process, the prepreg laminates are laid up on a mold of
the same configuration of the part surface to be fabricated. (See Fig. 1.1.) The
laminate is cured in a nylon bag under vacuum, heat, and pressure according to a
specified heating pressure cycle. After curing, the part is removed from the autoclave
and allowed to cool. The part may require surface finishing to achieve the desired
appearance. Coating may also be applied to provide surface toughness.

Autoclave molding is a relatively slow process and is not suitable for mass

‘production. For mass product1on the use of fast curing resins such as polyester is

necessary.
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Compression molding is a popular method of manufacturing composites
with fast curing matrices such as SMC (sheet molding compound). The formmg of
~ sheet molding compound involves depositing chopped glass fibers (up to 5.0 cm long)
“on a coat of polyester resin ﬁlled paste. This process is usually automated. It is
usually packaged in rolls. The starting SMC material (the charge) is placed between
matched molds and subsequently subjected to heat and pressure. The curing cy-
cles range from less than a minute to about five minutes. This molding method is
 particularly suitable for mass production. SMC composites are of particular inter-
est to antomobile manufacturers due to their short cycle time a,nd good structural

- properties.

Resin Transfer Moldmg (RTM) is a promising cost saving manufacturmg
method for making large and complex composite parts. The preshaped dry fiber .
reinforcement is placed inside the tool cavity. Liquid resin is then pumped or trans-
ferred into the tool to impregnate the reinforcement, which is subsequently cured
according the cure cycle recommended for the resin. Apparently, the viscosity of the
resin is a crucial parameter in the RTM process. The resin low may also/displace the
prealigned fibers if Bot properly performed. _

Typical mechanical properties of some advanced composites, and SMC are
listed in Table 1.2.

Table 1.2 Mechanical Properties of Fiber Composites

Tensile Tensile  Density
Material - Type Modulus Strength
GPa (msi) GPa (ksi) g/em?®
_ T300/5208 B 180.0(26) 1.50(210)- 1.55
Carbon/Epoxy =~ IM7/3501-6 . 150.0(22) - 1.55
f AS4/3501-6 - 140.0(20) 2.10(300) = 1.55-
Carbon/Thermoplastic = AS4/PEEK (APC—2) . 140.0(20)  2.10(300) 1.57
Boron/Aluminum . - BfA1 2024 S0 210.0(30)  1.50(210) 2.65
Glass/Epoxy S2 Glass/Epoxy 56.0(8) 1.70(245) 1.80
Aramid/Epoxy Kev 49/Epoxy ” 70.0(10) 1.40(200) 1.40
| SMC - R-50* - 15.0(2.0) 0.15(21) 2.0

*R — 50 indicates thai the composite contains 50% finer by weight.
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Chapter 2
ELASTICITY OF ANISOTROPIC MATERIALS

2.1 INDEX NOTATION AND TENSORIAL TRANSFORMATION |

The symbol z; with the range ¢ = 1,--- ,n is used to denote any element in the set
{21,%2,- -+ ,Zn}. The symbol iis called an index. Similarly, notations with multiple
indices such as a;; (4, j = 1, ...,n) are used to represent 1nd1v1dua1 components ir in the
set of n X n elements {a11, 012, -+ 5 Gnn}-

- In uvsing index notations, one often encounters the following equatlon

T1Y1 + Taye + Tays = @ : (2.1)

which can be interpreted as the scalar product of two vectors x = (z;, 22, z3) and
¥ = (41, ¥2,y3). This equation can also be written as

s _
Z-'L'z'yi =a - S (2.2)
i=1

A summation convention is usually used to express (2 2) in the SJmple form

[oaly Lomnon on peeiis - )
ffc?h 2o ok oo comptafyi=a,1=1,2,3 (%g}@ﬂ_e& She }(2_3)

. ot .
The summation convention states that the repetition of an index in a product term

" indicates a summation over the range of that index. The repeated index is called a

dummy index. An index that is not summed is referred to as a free index. Since 2
durnmy index does not carry additional meaning besides a summation operation, any
index can be used w1thout changmg 1ts result. For example z;y; and Y5 represent
the same quantity.

When there are more than two summation operations to be performed, great

~caution must be exercised in the use of the summation convention. For example,

consider the follomng equatlon

where the two dummy indices iand 7 must be distinguished. A térm with three or
more repeated indexes has no meamng unless it is used to denote a specific term with
no summation. :

-
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Coordinate Transformation

Consider two Cartesian coordinates (z, z2, 73) and (2}, 25, 7). A base vector
is a unit vector parallel to a coordinate axis. Let ey, es, e5 be the base vectors for
the 1, 3,73 coordinate system, and e}, €, e; be the base-vectors for the z}, z), z}
system. Since the coordinate axes are mutually orthogonal we have

e; = dy; | ‘ (2.5)
and _
€ ¢ _513 : (2.6)
where a dot mdlcates scalar product and E
- o f1 = | X
| ‘df? .—{ 0 if i . | . _._.:(_2.7)

is the Kronecker delta. : SR o
A vector x can be projected onto the two coordmate systems w1th the result:

X = 1€} = zje; o (28)
Taking the scalar product of (2.8) with e, we obtain - R

ro ' ;o
Te} - €, = z;0;- € (2.9)

By using the relation (2.6), (2.9) yiélds

. _ - $_;-5§j = Ije; 'e; o o . (2_10)
By defining Li(t - '
s e By=ehe .'__'_'_',(2.11)
(2.10) can be written as g S A
/a: =By (212)\
A similar procedure by takmg“aﬂscalar product w1th e; leads to the inverse ,\\
_relatlon e o NG o '\|
g S \L., . o !
;fi .'L':A/_\ .'.UJ I i (2 13)

Equation (2.12) or (2.13) gives. S the ' scoordma,te transformatlons between the
two sets of components of & vector X in the two coordinate systems
. Substitution of (2 13) ‘intg (2.12) yields

R S C 7




and

' INDEX NOTATION AND TENSORIAL TRANSFORMATION 1
X'Z X2

&
Figure 1
from which we conclude that .
)Bu ﬁrq ﬁu ﬁgz”“; r f{t:—f}
Pat }3‘3\ /34? #’;;,,.__ ﬁ@jﬁlpj = ik . o . (215)
In a similar manner, we can show that ARy ‘
ﬁjz’ﬁjk = i
In matrix -for.m,: (2.15)-0&11 be written as
B8 =11 S S (2.16)

~where superscript T indicates the transposed matrix and [I] is the 3 x 3 identity
" matrix. Thus LB ] is orthogonal '

Eﬁcample 2.1 ‘ :
In the two dimensional space, the base vectors for {1, z2) and (ml, :cz) COOr-
dinate systems shown in F1g 2. 1 are g1ven by : .

e1 = (1 0) 02 (0 1)

= (éos(?,sinf)) -,..e’2_ = (_—- sin_é,_g:bs 6"),

respectively. The coordination transformation matrix can be pompﬁtéd from (2.11)

as

By = ej-er=cosf, Bip=el-ey=sinf

AB 2F

ey-e1=-—sing, B =€) ep=cosf
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Thus,

ry = B,%;=1z1c058 + x50

Ty = Po;T; = —~x185nf 4 zoc088 -

The above equations are readily recognized as the coordinate transformation between
the original system and the system obtained by rotating the original system counter
clockwise with an angle 8.

Scalar, Vector and Tensor
Let (z1,22,23) and (z}, 25, z3) be two fixed sets of rectangular Caltesmn co-
ordlnates related by the transformatlon law : : :

T; = Bi;z;

where §,; is defined by (2.11).

A system of quantities is called a scalar, a vector, or a tensor depending on
how the components of the system are defined in the variables z1, z2, 3 and how they
are transformed when the variables 1, 23, z3 are changed to =, 75, z5.

A system is called a scalar if it has only a single component ® in the variables
z; and a single component ¢’ in the vana.bles z; and if ® and &’ are numerically equal

“at the corresponding points -

O (o1,00,2) =¥ (2, 2hdy)  (27)

A system is called a vector field or a tensor field of order one if it has three com-
ponents & in the variables 2 and if the components are related by the transformation

law o S s : .
&)=}, 75, 75) = rz\{cﬁk (%1, Z2, T3)

- ~ (2.18)
&i (21, T2, T3) = Bl (27, 75, 75)

The tensor field of order two is a system which has nine components t;; in
the variables z;, 22, 23 and nine components t’ in the variables z}, 25,25, and the
~components are related by the characteristic transformatx_on law

b= 5«:13335’“;\
t’lJ. :‘ﬁmzﬁ mt:n" :

We obtain from generalization to tensor of order n:

(2.19)
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(2.20)

Note that if all components of a tensor vamsh in one coordinate system, then they
vanish in all other coordinate systems.

Contraction :
Contraction is an operation on tensors that equates two indexes and sums over

that index, e.g.,

Aijkg... — Aiikl--- _ (2.21)
Contraction of a tensor of order n will yield a tensor of rank n — 2. For example,
consider a tensor of the second order A;; which follows the transformation law, i.e.,
"o

Taking contraction over the two indexes, we obtain
A'Iiz' = BimBinAmn
s JmnAmn )

AI

This result indicates that A; is a scalar and, thus, is invariant with respect to coor-
dinate transformatlon

Partial Derivatives e e e e \
2l = ﬁ %55 then foravector v; we have ' '

/-7— P
/ /_‘ . f

. ’ *
ov;
7

 (2.24)

“This says that partial derivatives of any tensor ﬁeld behave like the components of a
"CW@ It should be noted that thls is not true in curvahnear coordmate

systems.
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deformed

initial
X2

Figure 2

Quotient Rule
Consider the following equation

' AZ%EB';k\_ = (3
The quotient rule states that if any two quantities in the above equation are
tensors, then the third quantity must also be a tensor.

»

2.2 STRAIN o }
When a solid is subjected to external loads, material points in the body are displaced. -
If two material points experience a change in the distance between them, then defor-
mation is present. Displacements that do not result in changes in distance between
any two material points are called rigid body motions or rotations.

Consider a body in the initial state and the deformed state (see Fig. 2.2). The
positions of a material point in these two states are given by the position vectors z?
and ;, respectively. The relation between these two positions is given by '

z; = z; (29,23,23) i=1,2,3 . (2.25)

If the body remains as an mtegrai body, the rela.tmn given by the above equations
must be unique and can be inverted to :

:170 =I; (itl, .’l:g,.‘I.‘;g) (2 26)

The dlsplacement that the matena] pomt travels from the 1mt1a.l sta.te tc the deformed
state is given by the displacement vector e o
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. | initial « deformed

1 . . 9;

,-‘ xs

Figure 3

y

: ' U= - 9 (2.27)
The displacement components u; can be expressed as functions of the Lagrangian
' variables (z¥) or the Eulerian variables (z;). : :

L Let P be a material point in the neighberhood of H; The p051t10n of P’ is
z? + dz¥ where dzl represents the difference in positions of Fy and Fj as shown in

A - Fig. 2.3. After deformation the difference in positions of these two material points
J is denoted by dz;. The initial and ﬁna.l dxstances between these two materlal pomts
are given by

dso = d:cod:n (d.’l.‘l) + (d:cg) + (d:rs) " : (2.28)
J and '
) . .
L ds* = d:cz (da:l) + (d:r:z) + (dxs)z T (229)
;\I respectively. A measure of the change of the distanée between these two nelghbormg
lj) points after deformatlon can, be glven by ds — dsg ; X
Noting that S e o
o K : ,
P
;1 é‘-\l[“? 7#,‘2: Jym
_ ’) 7
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we can write

ds* —dst = dundz, — dzd dzl

0%y O, _
= Az 0 Gy Od.’LOd.’E szd.’l-‘gdi.‘g
ﬁz(zy?ﬁ }wm

6 .
- (o) (o 35) ot

_ 0w Ouy | Oundun] 4, o
[axg+axg+ 320 e 0]"""“’!”"

OZm Bmm vy
B2 8:1: “ I

(Bu auj Ou,, 35,,,,)

+
6] " 5ab " 9ab Bt

where

1
2
1
; (2.31)

is the Lagrangian strain tensor. ! aﬂm = ‘;E“) Sy
. In a similar manner, we can derive z 3-7{; . d¥i
_ ds® — dsjy = 2ejdzidz; | O (232)
in Whlch the Eulerlan stram tensor is defined as o B
1 B2, Ba? B Oum iy |
(% 20, OO ) (au v Oup, ) (2.33)

O; Ox; axj ) / oz;

"Thus, stretching (deformation) in a body after deformation can be completely de-
scribed by either the Lagrangian strain tensor or the Eulerian strain tensor.

e.gj—'z"

Infinitesimal Strain . ‘
In structural materials, the range of matenal stretchmg is usually limited.

This cond1t10n leads to small dlsplacement gradlents ie.,

Ou;

520 <<1

<<1 and

L3

Consequently, the product terms in the Lagranglan stram tensor and in the Eulerian
strain tensor can be neglected with the result :
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_ IRV - _ Co
E” T2 ( * Oz ) - L (2.34)
Y (Ow;  Ouy 7

W= (axj * 3:1:2) (2:35)

These are the infinitesimal _stl_*am tensors e ( ﬂa WU R f'é }%\

Noting that : [, ; ¥, ax ) S ( B@xL )

0z) Oz 02 Ozn Oz

_ Ou; v Ou; Ou, o~ Au; (2.36)

we conclude that the two infinitesimal strain tensors have identical numerical values
and that the distinction between the Lagrangian and Eulerian descriptions of the

deformed state vanishes.
Henceforth, we will use e;; to denote the infinitesimal strain components.

Physical Interpretation of Infinitesimal Strain Components
Consider the special material element represented by dz; (the vector connect-
ing P and P, see Fig. 2.3) which is parallel to the z;-axis, ie.,
dry =ds, dre =dzs =0

From (2.32), we have
. : ds® — dsi = 2e;1dz? = 2e11ds® (2.37)

- Figure 4

Smce the stretchmg is sma]l we have ds + dsg = 2ds. From (2 37)

lds -—dso ds-—dso SR
— o L 238
‘1 2 ds? ds , (2.38)

e

/Ja 3

T
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Thus, e1; has the same meaning as the elementary definition of uniaxial strain. In-
terpretations for ez and es3 can be obtained i a similar manner.

To find the meaning of other strain components, we consider two mutually
orthogonal material elements dz? and dz? such that

de? = dsy , dad=dzl=0

dzy = dsp , dil =di=0

After deformation, the corresponding material elements are denoted by dz; and d%;,
respectively. Denoting the angle between dz; and dz; by gbu (see Fig. 2.4) and takmg
the scalar product of these two vectots, we obtain

0z; 8:1:z 070
Aadad

dsdscos ¢y = dudE; = é'_o axk

ox; Oz; . o -
:axaodxdfg o (2.39)

= 2E12d80d§0
For small displacement gradients (infinitesimal strains) we have
Eyp=eyn, ds=dsy, ds = ds

and (2.39) can be approximated by

1 1 ym L lym | |
€12 = 5 COS gy = ) S (5 - ¢’12) =3 (5 - ¢12) (2.40)
Thus, eyp can be iﬁterpreted as half the change of angle between the two material
elements originally parallel to the x;— and x,- axis, respectively.

' Henceforth, unless otherwise specified, e;; will denote the infinitesimal strain
tensor. Since e;; is a second order temsor, its components follow the coordinate

transformation law as

62_«,{ = ﬁimﬂjnemn | _ (2.41&)
The equations in (2.412) can also be written in matrix form as
[€1=[1[ 8 | (2.41b)

- where superscript “ T ” indicates transpose of a matrix.
Since only six strain components are mdependent the following vector nota—

‘tion is often used:




where

Engineering Strain Components
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\

€11
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€33

€93
€13
€12

24612[?13 .

2892895 -
: -
B 2032835
1321331 /322532 ﬁ23ﬁ33 (ﬂ22ﬁ33 + B23832)

J
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> | (2.42)

** The transformation relations of (2.41) can be expressed in the contracted form as

(2.43)

s cne

2811542

2811513
' 25211?23
2831833

el oy

Qﬁ 21/6 22
Qﬁ 311632 ‘

(ﬁ23ﬁ31 + BnBss) (BsBaz + Ba1Baz)
ﬁmﬁsz ﬁlsﬂss (B1sB32 + Br2B33) (B11Bas + Bisbar) (ﬁuﬁsz + 512)831)

_ﬁmﬁzg Brabaz (BraBas + ﬁ13ﬁ22) (811823 + B13fa1) (511322 ‘f‘ﬂuﬁzl)}

ors‘?e? e
(@a1)

In elasticity of anisotropic solids, it has been a, common practlce to use en-
gineering strain components in lieu of the strain tensor. The engineering strain
components are related to the tensorial strain components as

Eo:w -

Tz =

= €zz 5.

Eyy =

- e'yy ¥y Ezz,

2€yz 3 fYa:z = 26272! ’ ’Y:cy = 263?}

= ezz.,-_ .

\

(2.45)

in which the (z,y, 2) coordinate system is used. Collectivély, the eng@geiir@t,r_&i_n

C%One?s‘ do not form a smggigder tensor, and, thus, do not follow the tensorial
coordinate transformation law. However, since they are related to the components of
the strain tensor, their coordinate transformation can be performed via the compo-
nents of the strain tensor.

If the engineering strain components are used, we define
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" A
( E]_ . r Emg:
. €9 E’yy
' ] e €
{6}'é< 3 = ZZ
. €4 1 Ve
= Yoz
. €6 ) L Yoy

By using the transformation law (2.43) and then (2.45), the coordinate transformation
for the engineering strain components is obtained. We have

(2.46)
where | _‘
DA s Bubn Bubu Bubu.
B @g__sl-l" Buabos BraBas Bubar
- B B B buba BB Bz

2021831 2802830 2823033 (52éﬁ33 + 1323@32) (BaaBs1 + Ba1Bag) (ﬂaﬁzz + 6;1.5‘32)
zﬁnﬁ:ﬂ 2ﬁ12532 2813033 (1513/332 + ﬁ12533) (811833 + 1513/331) (ﬁnﬁsz + ﬁuﬁm)
Xy 2[3111521 2/312/322 2ﬁ13ﬁ?3 (812823 + P13Bas) (ﬁnﬁzs + )813)321) (:5111622 + 1612)621)

Uy L “{ LEJ LB—B Uf—J LE) (2 47)

" Note that [T] # [Te)o

Consider the prlmed coordinate system that is obtamed from rotating the

original system cotmterclockwise about the z-axis Wlth a ¢ angle. Between these two
coordlnate systems the_ coordmate transformatlon matrix , f;;, is gwen by '

(2.48)

.‘ Stress* and Eqiilibrium | ' :
A stress vector t is defined as the mtensﬂ:y of force acting on a sma,ll surface.

_Mathematlca.lly it is given as

AF
A]iilo AS .
where AF is the resultant force actmg on the area AS (see Flg 2, 5)

| (2.49)
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- Figure 5

Figure 6

Consider a small surface element that is perpendicular to the x-axis as shown

~.in Fig. 2.6. The stress vector acting on the surface can be decomposed into three
1COMPONeNts 0y , Ozy and o, which are parallel to the coordinate axes, respectively.”

The component ¢,,.is called the normal stress, and Oy and o,, the shear stresses
L Ra BRERS,
on:the x-face. Similar stress components Oyy Oyz s Oyz a0 04,0, 0,y can be

introduced for the y-face and z-fdce, respectively.

Take a free body in the form of a small rectangular prism with the stresses
on the six faces shown in F1g 2.7: Figure 2.8 shows a side view of this element.
The body force b (force per umt volume) is represented by the three components

' bz, b, and b.. If the body is in a state of static or dynannc ethbnum, the resultant
‘moment and. force on the element must vamsh It 1s qmte stralghtforwa;rd te show
' tha.t the moment condxtlon ca.n be satlsﬁed Jf

Ogy = Oyz , azz"‘“ Tex 3 Oyz = Oy

-and that the balance of forces can be assured 1f the stresses sat1sfy the follomng
differential equations: ~ ° Bawt o S I Lo I
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Figure 7

0024 + 00 yz 4 30,

oz Oy Oz th =0

004y  O0yy 004y . | _

% Ty To T =0 - @
00, +8cryz +8crzz b o= 0

oz | Oy . Bz

_"To show that the stress components o,y, Ty, 02z, Oyz = Oy, Ogz = Oy, and

| Gay = 0y, are sufficient to describe the state of stress at a point, consider the tetrahe-

dron shown in Fig, 2.9. On the three faces perpendlcula.r to the coordinate axes. The

components of the three stress vectors are denoted by o;;. The stress vector acting

on the inclined surface ABC is t, and the unit normal vector is n. The equilibrium

of the tetrahedron requires that the resultant force acting on it must vanish leading
to the following relations.

t,' = Oi;jTy | (251)

From: the quotation rule and (2.51), we note that ;; is a second order tensor. Thus,
we conclude that the state of stress in a body is completely. given by the stress
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Figure 8
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components o;;. That is, given any surface with the unit normal vector n;, one is
able to determine the stress vector if the stress components are given.
Since o5 is a second order tensor, its coordinate transformation law is identical

to that for the strain tensor e;;. Thus, .-

N 0;3: ﬁz‘mﬁjnamn | (2.52&)
or, in matrix form, N _ _
r
~ ['1=1Blls]1A] (2.52b)
If the contracted form of stress (see (2.55)) is used, then (2.52b) can be rewritten as
(2.53)
where
(2.54)
and {c} is defined as '
4 Ul \Ir 4 O e A
0g J Ty
A o3 A Ozz
{e} = J os [ = o > (2.55) -
G5 Onz
\ Us J \ Ty

2.3 STRESS-STRAIN RELATIONS

In linear elasticity, the relations between the stress and strain are usually expressed
in the form

} or g; = C’?-jsj , 5, j=1,...,6 (2.56)

where the summation convention over the repeated indexes is used, and [C] is a
6 x 6 matrix whose elements are the elastic constants of the material. The relations
given by (2.56) do not distinguish the tensile behavior from the compressive behavior.
That is, when (2.56) is used, the material is assumed to have the same stiffness under
tension as under compression.

The matrix of elastic constants, [C_’],-can be shown to be symmetric from
the strain energy consideration. The proof will be presented in Section 2.4. Thus,
there exist 21 independent elastic constants for the most anisotropic materials. Note
that, if the stress-strain relations are written in terms of components of the strain
tensor e, i.e.,

{0} [e[{e} (2.57)

then [¢] is not symmetnc for general anisotropic materials. This may explain why

‘engineering strains have often been used for anisotropic solids.
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As the strain energy in a linear elastic material must be positive, the matrix
[C] can be shown to be positive definite-and thus invertible. We have

{o} (2.58)

where [S] is called the matrix of elastic compliances. The symmetric property of
[C] is inherited by [S].

The stress-strain relations in the (z/, v, 2/ ) system can be obtamed by using
.(2.46), (2.53), (2.56), and (2.58). We have v

(@} = AT = O} (2.59)
{¢} = [LISIT) o'} = [$Ho'} (2.60)

where [C'] and [S'] are the elastic constants and compliance matrices, respectively, in
the primed coordinate system. T

In Section 2.4, the following relatlons are shown to be valid from the consid-
eration of strain energy density. -

(2.61)
(2.62)
Thus. the relation between {o'}and {¢’ } are also expresse_d in tﬁe form
©l = wiew” . (63)
8 = mEEE e e

Engineering Moduli
It is a common practice to express elastic material properties in terms of the

- so called engineering moduli which can be measured through the use of simple
tension ‘and simple shear tests in which only a single Stress component is present,
The Young’s modulus is defined as the slope of the normal stress - normal strain

“curve produced in simple tension; the Poisson’s ratio is the ratio of the lateral strain

‘and the longitudinal strain in simple tension; and the shear modulus is the slope of
the shear stress - shear strain’ curve produced by a simple shear.

_ * For anisotropic materials, a uniaxial tension may produce shear strains in ad-
dition to normal strains, and a shear stress applied in the z—y plane may induce shear
strains in the y— 2z and z — z planes. These extension-shear and shear-shear couplings

'-reqmre additional moduli beyond those normally used for isotropic materials.

* For generally anisotropic hnearly elastic matetials, the compliance matrix can




26 ' ELASTICITY OF ANISOTROPIC MATERIALS

: be expressed in e,ugmeermg moduh as.

»-”““‘WM"‘{ L '"-s--..‘...m._,.,, 0 ) . I -

: j I Vi _@% Vlyz,z Mz " Moy

i Gyz G:r:z . G;:y

! . T < o
:nyz,'y . n:!:z,'y n:'t,"y,y

| _& ;K@_’f_ \\»% li‘ nyz_z N2,z na:y,z
B B Ej; Gys Gaz G.w

-t (2.65)

ﬂx,yz ny,yz ’ z2yz |

‘a%,xz Myaz  Mzgz | Hyz,

B, E, E

where
E; = Young’s modulus in the ¢-direction
G;; = shear modulus in the ¢-j plane . . -
v;; = Poisson’s ratio measuring contra,ctlon in the j-direction due to uniaxial

My loading in the i-direction
2 T V= coefficient of mutual influence of the first kind which characterizes
" winormal strain in the k-direction caused by shear in the -7 plane -
77} o = coefficient of mutual influence of the first kind which characterizes
shear the i-7 plane caused by normal stress in the & direction
5, kl = Chentsov’s coefficients which characterize shear strain in the &-{ plane
" caused by shear stress in the i-7 plane

Material Symmetries

If the internal composition of a materlal possesses symimetry of any kind, then
symmetry can be observed in its elastic properties. The presence of symmetry further
reduces the number of independeiit-elastic constants.

Let (21,2, 3) be a coordinate system and (z}, 5, ) be the second system

~which is symmetric to the first in accordance with the form of its elastic symmetry.

Since both systems are equivalent with respect to elastic properties, the stress—strain
relations should be identical in both coordinate systems. In other words, the matrix
[C] should remain unchanged in the equivalent coordinate systems.
Monoclinic Material :

To illustrate the invariant property of [C], let us cons1der a materlal Wlth one

elastic symmetry plane, say, the z1 — 2y plane. The equivalent. coordinate system
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(z}, zh, 74) arranged as shown in Fig. 2.10 is'obtéined fFom t487{z,, 72, 73) system by
reversing the direction of the zs-axis. The base vectors for the unprimed and primed

sysiems are
e; =(1,0,0) ', eg = (0, l,"{)) ;. eg=. (0-,:0, 1)

and - : R
e =(1,0,0) , & =(0,1,0) , e =(0,0,~1)

respectively. The corresponding transformation matrix is given by
10 | comduat B wﬂ%%zﬁ‘-fwv&;w"
0 -1 o M&ﬁhx

Noting that [T,,] = [T.], the transformatlon matrlces [7] and [T¢] can be calculated
using (2.44) and (2.47), respectively. With this [T,], the stress components in the
primed system are related to those in the unprimed system as »

A 4 A A
( 0"11 f,-o'll
092 022
! .
g a. !
¢ TEA ¢ YA ' : ©(2.66)
023 —J93 -
913 . 013 /
! _
Y 012 4 s.v?lz ES
For the strain components, we have
4 7 h' 4 A
€1 | £11
€9 €2
'
). E £
J LN S - (2.67)
Yoz [ = s |-
e ||
[ M2 ) (" N1z )

- The elastlc symmetry reqmres that / _
_Theﬁrstequatlonm(268)1s _\ ' B

0111 = CF11511 + 012522 + C'13533 + C'14, 3 \‘}‘ Clsy‘ha + C’16’Y12 (269)
By usmg the relatlons glven by (2 67!-2 68) the above eéuatxon becomes |
o1 = 011511 +{ p12522 + p13533'“ c'14’)’23 —'_0/135713 + 014’712 - (2.70)
- - ,%
"\ez

™
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(Xé\; o ]

¢ : (3, X5 -
I /
|
X3

~ Figure 10

To satisfy the invariant property of [C] in these two coordinate systems, it is nec'e_'s_sary
that | | -

Cuu=0Ci=0
Similar examinations of other equations in (2.69) lead to

Oy =Cp=Cy=0C3=0C4=Cx=0
The matrix of elastic constants then reduces to the form:

Gy &> G 0 0 G
‘1J2 23 0 0 Cy

A Cis 023 33 0 0 O3
S\ 0 0 Cis 0
o } % @ 0
) G2 ]
Note that the number of independent elastlc constants reduces to:lﬁ _as a result of
the presence of a plane of elastic symmetry.
Orthotropic Material

For orthotropic materials, there are three mutually orthogonal planes of mate-
rial symmetry. Let x;, 2, and z3 be the three axes of a Cartesian coordinate system
‘which are perpendicular to the three planes of symmefry, respectively. Due to this
symmetry, no change in the matrix [C] will occur when any of the axes is reversed in
direction. Thus, if a new coordinate system obtained by reversing at least one of the
coordinate axes is used to describe the stresses and strains, then the stress-strain re-
lations should remain unchanged; i.e., the matrix [C] should be invariant with respect
to such changes in the coordinate system This condition on [C] requires certain re- -
lationships among the elastic constants as discussed ea.rher Exphcﬂ:ly, this condition
leads to the following . .- e _

(2.71)
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Cu = Cis=Cio = Ci™= s = Cag ~ )
L \

= Ca5'=Coy=Cis = C™= Gt =0

Using the coordinate system (z1, s, 3), the matrix of elastic constants assumes the
form "

\\

0

(2.72)

0
0 0 €& | j

It is noted that the number of independent moduli reduces to nine. In terms of the
engineering elastic moduli, the stress-strain relations for an orthotropic material can
be expressed in the form ' :

[ 1% vm o vm T

B ,

r L _' o 4 ) i
) fu g By Byt 1/‘,}/ 9 0 . 0 11 : '
PR -2 RN T ﬁ?g\;:! . - P N

/€33 - By \_\Eg}' Es 1 N R S N X ()
0 G
0

S

:‘ . il
\ 1 Yes r 0 — 0 0 I23
“”i\u Y13 23 ' 013

L7 ) |0 0 0 = o | Lon]
"0 0.0 0 =

Due to the symmetric prqpef‘tg(of the compliance matrix, the foﬂovﬁng reldtionships
are obtained ' \ : ' B

,ﬁ | ' o : o 7[;‘% I @1 ol buse F20a
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The relations between the stiffnesses Cj; and the compliances S;; are

S22533 — S5

Cll

A :
_ SuSs— 5%
Cnp = A
51155 - 54
C33 = A :
S13503 —
Oy = 222 AS_”S“ (2.75)
O — S12823 — 135,
13 — A B _
5153~ SsSy
023 - A
1 1 1
Cu = = , Cos=— . Cog=——
BT 8w TP TS ® T S
where
S 512 Sis ' '
A=| 82 Sp Sis | =511525s + 251253513 — Si3S22 — S11 82 — 52,553

Si13 Saz Sss

The expressions for S;, in terms of C;; are similar to (2.76) with S;; and Cj;
interchanged. From (2.74), it is evident that the engmeermg moduh can be expressed
in terms of the comphances as o

Qmww ol

w2 E2= . B —
S T8 0
Sy S | -
_ _Sa __sa _ D% 2.
Vig Sy V13 S’ Vo3 (2.76)
R tairom .' Gz

- The elastic constants Cj; can also be expressed .in terms;of the engineering
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moduli as
L .'.1—1'/231/32':'
Cu = — 252
1 EyEs /N
1 — vz
Chp == —— 13781
22 B FEa N
1 —viova
Can = ed®’2l
33 BN
Cn — Vo1 + V3 Va3
YT EEN
Cie = Vg + U V32
1 By B\
Con = v3z -+ viakm
2 B Es /N

- Cu = G, 055—G13 , CseﬁGu

where

1 — viove — vasize — va1is ~— 2Uavaalia

A= ELFoFs

31

(2.77)

The expression for the engineering moduli in terms of elastic constants C;; can be
obtained from (2.77) by using the relations between S;; and Cj;. An alternate ap-
proach is to consider simple tension and shear deformations and obtain the moduli

_ from their respectwe deﬁm’mons The results are’

G- | .
S . 2015013003 — CHCas — CHC
F, = Cpi+
! H C22C33 _022_3___
iy = C12Css — C13Cs '
T CnCs—Cf
G!?. = Ceg.

- (2.78)

The other Young’s moduli (E:; and E3) and Péussons ratlos (ve3 and v;3) can be
obtained by permuting the indices. The relatlons between the shear moduli and the

elastic constants are obvious from (2 78).

. Table 2.1 lists the engmeermg moduli a;nd thermal expansmn coeiﬁments of

“some typical advanced composite materials.
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Table 2.1 Elastic Moduli of Unidirectional Composites

Composite E; Ey Gia vig | o | g
Type GPa (msi) GPa (msi) GPa (msi) °/C | °/C
52 Glass/Epoxy  43.3.(6.2) 12.7 (1_.8)' 4.5(0.65) 0.29| 5.0 | 26.0

30y 10.0 (1.45) 7.0 (L. 0) 030 09! 27.0

AS4/3501-6 140

(Carbon/Epoxy)
Kevlar-49/Epoxy 87 (12.5)  5.5(0.8) - 2.2(0.31) 0.34 | -2.0 | 60.0

Boron/Epoxy - 200(29) 21(3.0) 54(0.78) 0.17| 6.0 | 30.0

Boron/Aluminum 235 (33.6) 135 (19.3) 47 (6.8) 0.30 | 6.0 | 20.0

Transversely Isotropic Material .

An axis of material symmetry is defined as an axis with respect to which the
material has identical properties. Thus, any two material segments having symmetri-
cal positions with respect to this axis have the same stiffness. If the axis of symmetry
is parallel to the zq-axis, then the z,- and z3-axes can be directed in any directions
{except that they should remain perpendicular to each other) without altering the
value of {C]. The z2-73 plane is usually referred to as an isotropic plane.

A transversely isotropic solid is a solid which has an axis of symmetry perpen-
dicular to a plane of symmetry. The stress-strain relations should remain invariant
with respect to a rotation of the - and z3-axes about the z;-axis. As a result of
this invariant condition, [C] reduces to

_ 0 0 0
@ 0 0 0
0 N - 0 0 0 :
v 1(022~023) o o | (2.79)
’ 0 : 053 ]
0 - @7

The number of independent elastic moduli is five,

Trangversely isotropic solids can be conmdered as a subset of orthotropic mate-
rials. If an orthotropic material also possesses transverse isotropy, then its engineering
moduli have the following rela,tlol_ls R

Many unidirectional fiber_ composites can be ino_delét_i as __t_l'ans_yerSely__isoteric solids
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with reas'onable accuracy.
Isotropic Material

In an isotropic: matenal every plane is a plane of symmetry and every dlrectlon
is an axis of symmetry. The matrlx [C] reduc&s to

& 0 _:wo“ 0 T ¢

o, " 0 0

o g 0

iCu~Cw) 0 0 (2:80)

0 e .;. (G'u--_ ~:C12) )

0 _ 0 (011 — 012)
where o : G *y

(1+v)(1—-2v)
vE

(1 + ‘U)(l 21/)

It is evident that two elastic constants are sufﬁaent to' describe” the stress-strain
relationship in an isotropic material. It is: also noted that the shear modulus

G = —(011 C’12) m e

s not independent of the Young ] modulus E‘ and P01sson S ratlo v. .

2.4 STRAIN ENERGY

-

It is assumed that there exists a strain energy function Wi(e;) such that

oW
3&{

If the material is linearly elastic, i.e., 0y = C’;js;, where Cj; are constants, then

0; = i=12 .6

oW

5&;5_5; =Cy (2.81)

The symmetric property of [C] is thius 0bv1ous
The strain energy function for 11nea;rly elastic ma.tenals can be expressed in

‘terms of the strain components as

. 1 D P
W = 2Cieie; = 5{e} [Cl{e}

(2.82)
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where the superscript 7' denotes the transposed matrix.
Alternatively, the strain energy function can be expressed in terms of stress

components and the compliances S;; as -
Wi 2 Sy00; = 543" ls 1{6} - (2.83) )

Since the strain energy functxon is a scalar a,nd is mvarlant W1th respect to
coordinate transformatlon we can write ;

or

Using coordinate transformations for stress and stra.m We obtain the followmg
equations from (2.84-2. 87) '

W= LTI )
= YT

= —{ Py 1o}

' 1

2

The relations of (2.61) and (2.62) are thus obvious.

Since the strain energy density W is always positive, from (2.83) and (2.84),

we conclude that both |(2| and [S]-are positive. Thus, their diagonal terms Cyq, Co,

, Ceg, and Sn, .5'22, ..., Sgg are positive quantities, and the determinants of all the
prmc1pa.1 diagonal Submatrices of both matrices are also positive.

Consider orthotropic materials. From (2.76) and the fact that A > 0, we

obtain

o ; So9833 > Szzah 7
S118s3 . > Sk (2.86)
~These inequalities can be expressed in terms of the engineering moduli (see (2.74))

= > vis o (287)
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Slrmlar inequalities 1nvolvmg Ugg, 1'/31, and I/21 can be obtamed from (2.75)
and (2.89) as

E.

E R
= s 2 S (2.88)

B,
-_— > 1/%1

Using the conditions A > 0 or A’ > 0, we obtain the additional 1nequal1ty on the
engineering moduli: _

E Fy Ej
2 vovza3 < 1 — (Ei-) V21 (Eg) I/2 — (El—) 1/?3 _ (289)

or equivalently, _
S 2 vovsaryy < 1 — vigley — Vaglizg — vagls (2.90)

2.5 DISPLACEMENT-EQUATIONS OF MOTION

When an elastic body is subjected to dynamic loading, wave motion or vibration is
set off. Including the inertia force in the body force in (2.50), we obtain the equations
of motion. In the dynamic analysis of solids, it is often more convenient to write the
equations of motion in terms of dlsplacement components, u,, Uz, and uz. By using
the stress-strain relations and the strain-displacement relations, the displacement
equations of motion can easily be obtained from (2. 50). For an orthotropic solid, the
displacement equations of motion W1th respect to the. materla.l principal axes are

% 3 U - J%u a
Cu—— 0z3 +Cﬁﬁ 0z3 : 7 + Css 023 2 Bxl [(Cll 044) b
0 Sus | O?
. —!—(012 + Css) ’u.z + (013 -+ 055)BU3 + b = —5;—1
L3
5 d a
Cse + (755\/8 2+ 044 2 5 + 52, ((012 + Ces) auj
a b
+(022 css)?l”% +(Cat 044)&} = 6;2 (291)
o2 52 o2 KB Our.
Css—— au3 + Ca—>- aua + Coe——5 8:1:3 [(013 + 055) 1
5, 32
+(023 + 044) -I- (033 Cﬁa)—ué] + bg = _&f%
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In (2.93), p is the mass density; by, by, and bs are thie- components of the-body force
(excluding the inertia force); and u;, ug, and us are the dlspla.cement components in

;:the* material prmmpal directions, Ty Ty, and 3, r&spectlvely

P

PROBLEMS .

2.1. Venfy that ¢;65=t; when 613 is the Kronecker delta, i.e., 6= Vifi=7and
dij = 0if ¢ :

2.2. The base vectors for two Cartesian coordinate systems are given by .

e1= (1,0,0) , e;= (0,1,0) , es= (0,0,1)
and : . . t
e;= (0,0,1) , et=|[—,—,0 , eh= (—, —-—,O)
=000 8= (0) = (g

[respectively. Find the transformatlon matrix §;; which gives

\
\Q '- o =By
. : v

2.3. Verify that. sz B; 5 = 6,:, Find the components of the vector

v = e+ 2e2 —l- 3e3 in the primed. coordinate system defined in Prob 2. 2 ’

2.4. Consider the two coordinate systems In Prob 2.2.-Given the stresé tensor ig in
- the unprimed system as o - : e _

- DD Co
o W b
I\ R JUR—

find the stress oompo'ne_n_t's' o7; in the prime_d coordinate system.
If thescomponents of a second order temsor in the priméd syster are given

tT=4

’c; o w

=

find the stress componem;s t _in the unpnmed system.

i

. T111 = T222 T333 “-’.2
NER ‘.f_'ﬂ“:’". S 12"23 'r'-T231 T312 e 1

S ——
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DISPJEAOEMENT EQ UATIONS OF MOTFION

: Al‘l’ﬁgther cofnponents" 40,

Fllld the components T’ 1 1n the primed system Use the. two- coordlna;te systemms

to the surface and that the magmtude of ﬂge stress vector is equal to oy.

37

in Prob 2.2. -
© 2.6/ Use the relation ds? ~ds? = 2e:;dx:dz; in solving the following problems.
a} Show tha.t the elongatlon of any matenal element in any direction. is a
constant if : :
€p | 0 0
[e,-j}_ = | 0 € 0
0 0 €n
b) The deformation in a body is given by the strain tensor
210
[653'] = 1 30 X 10_2
0 00 :
Find the elongation (per unit length) of a material element parallel to the
direction ( ﬂ, ‘/-,0). ‘
/M’/ 7 For mﬁmtesnnal strain components €;j , show that em represents the volume
| cha,nge (per unit, volyme) + .
2.8. The state of stress in a body is uniform and is given by
011=4MPa , 012=2MPa , o;3=0MPa_
Oog =3 MPEL s a3 = OMPa. ) 0’333 ZMPB..
. Find the three components of the stress ve¢tor £ on the s1irface"ABCD as shown
in Figure 2.11. Find the norma.l component an (perpendmular to the surface)
of the stress vector. S o _ e
- Sn o”a-gn’» = L
/29 A state of hydrostatlc sﬁress is %;wén by S ‘3 s P
o ‘ 0 @ w;}: : | \2( _ ‘:( o ?L;” e
[o] = 0 Jo '_0 L s T F ™ oo

. _ : _ ém fﬂ T
Show that on any surface’ the’ force (or stress vector) is always perpendlcula,r\_ . b
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Figure 11
a .
e
2/1'0- Consider a 2-D isotropic solid. The stress-strain relations can be expressed as
./ | 1 b 5 Tl fe 53\(:
- }H —K O \ }!ﬂ\&i’f‘ tﬂl‘-s’ M{)’[I it
2 0= % = 0 a9 ' g ™
L E E T
Yia/ N 1 015 y
‘ 0 0 G U g
i . . - ¥ A 5‘/@ ; gu.‘“'
(e 7 v""{ y

Show that GI =3 ( T+7) by using the mvamant property of the stress—stram

rela,tlons with respect to coordinate transformatlon
( 2 1L Show that the range of Poisson’s ratlos for 3-D isotropic solids is — 1 <v<1/2. Wv\\h

2. 12 Con51der an orthotropic solid with engineering moduli

E; =140 GPe , Fo=E3=10GPa
Gm‘— G13 =T7TGPa , G23 = 3.36 GPa
vip =33 = 0.3 , log =049

Find the corresponding elastic conétants Cii, Caz, and C33. Also consider the

case with vyp = v13 = vy3 = 0. Compare the values of Ey, By, and E3 with
those of 011, Cga, and C3s, respectwely

—
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émfA principal direction n; of the stress tensor o;; satisfies

Oy = ony

where o is the associated principal stress. Show that the principal directions of
- 0y; and the corresponding strain tensor e;; coincide in isotropic solids but not
in anisotropic solids. -

‘\.

™

T




Chapter 3
ANALYSIS QF A LAMINA

Ea Qe

3.1 PLANE STRESS EQUATIONS FOR ORTHOTROPIC MATER]J-

ALS

Many structural apphcaﬁfem of fiber-reinforced composite materials are in the form
of thin layers or laminates; and a state of pl lane stress parallel to the laminate can be
assumed with reasonable accur&ch For this reason, formulations in plane stress are

of particular interest.

For a state of plane stress paralleI t0 the T3 —
(ie., oa3 = 013 = 023 = 0), Eq. (2. 74} reduées to

1
B
€11
_ ﬁ_’il_z__
{ €22 }— "B 321
Y12
0= Se

F74
_Eif = 512
1
\‘E“; 322
0 = Seg

% plane in an orthotropic solid

0

0=

1

=i S16
[

Sog

= Ses

I

1

TJi11

Ta2
iz

} .

in ‘which thé relatlons given by (2.75) have been used I.\Iote that there are four

. independent elastic constants involved.

Inverting (3.1) we obtain

0

[ B vigFy
1= veva T—vovn
g1 | e
3 op 0= viky E
o2 ) | S b —vpvs

|

e _|

£11

€92

Y12

}

The 3x3 matrix in tlie above relatlonshlp is usually denoted by

Q] =

bt

0

Qll Q12
@n Qn
0 Qss

0

3

-
é’rg

(3.2)

(3.3)
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in which the elements Q;; #re ca.lled reduiced stiffnesses whlch should not be confused
with elastic constants C;;.

In stress analyses, sometimes a. coordmate system Z-y is set up Wh1ch does not

always coincide with the material principal axes, z; and z, as illustrated in Fig. 3.1."

The two sets of stress components with respect to these two coordinates systems are:

‘related by the reduced transformation matrix [T,]: .

(3.4)

YaekatSan

Fig 3.1
where - .
cos?6 - sin’0  28infcosd
[T,] = sin? f cos?d -2 sm 6 o8 7 (3.5)

. —sinfcosf smf)cosﬂ cos 20 —gin% @

The elements of [T},] can be obtained from (2 44) by noting [T,] = [T.]
- Inthe saine manner, -the straing wﬂ:h respect. 4:@*1:he &wo coordinate. *syStq:ms
are related by

- €22 (3.6)
.Yz
where SRS R
cos29 ' sin®¢  sinfcosf
[T =71  sin’ cos®f —smﬂc@s(? (3.:7)

 —2sinfcos d Qsmt?cesﬁ cos? 8 — sm_é?

Note that the inverses ng " and [T.]™! can be gbtained by replacing ¢ in (3.5) and
- {3.7) with -8, respectlvely
Usmg the transforma,tlon matnces [Ta a,nd Tf we have

Opx . O11

| 1 ' e feu ] _1 | Exx
on b= o b=mF @ e b= @ o
u LT R Y U

A e, § T "-'/"""7"-—”:.7(' o, . ' o e
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~ Thus, the stress—stra.m relatlons for the sta,te of pla.ne t.ress parallel to =Y, (:1:; 52

plane become .
(38
@l =l @ =R - (39)
The explicit expressions for the elements in [Q] are given by >
: SR T |
Q= Qucosf+2(Qua + 2Qss) sin® cos? 6 + Qoo sin® \

#Q1a . (Qnﬁ + Qa2 — 4Qes) sin’ cos? 8+ Qs (sir{4 6 + cos* 6)

$Gag = Qu sin*§ + 2 (Qu + 2C6s) sin* 20 cos® o + Q2 cos ‘o (3.10)
G = (Qn — Qs —2Q%5) 81119005 g+ {Q12 — Qa2 + 2Qes) sin® B cos §
@ = (Qu — Qrz —2Qes)8in 0 cos 8+ (Q12 — Qa2 + 2Qes) sin b cos®
Qos = (Qu1+ Qa2 — 2Q12 — éQes) 8111:2 8 0082_9 + Qe (sin* 6 + cos* 6)

N

The fact that [(:2] is a full matrix indicates that the imn-plane shear deformation v,

is coupled with the normal defonnatmn,s gz ANd Eyy.

(3.1)

where ' - . _
< 5] = mFM[A- B
aﬁd':' e . . : . :

Sis = Spcos*d+ (2.5‘12 + Ses) sinr” 9(:052 8 + Sspsin’ @ \

iy = Sip(sin® 8+ cos*6) + (Six + Sps — Ses)sin? B cos?

Spp = Spsinf+ (2512 + Ses) sin® 8 cos® § 4 Syz cos® @ (3.13)
Si6 = (2811 — 251 — Ses) sin@cos® @ + (2513 — 25m + Ses) sin® G cos
B = (28u— - 2515 — Se) sin 30,006 6 +42515.~ 259 + Sgs) sin § cos® 0

Ses = 2 (2311 + 2322 - 45’12 - 366) sin#@ cos 9 + 5'56 (sin6 + coﬁ 6)

The str&ss—stram re]a.tlons in an a;rb1tra.ry (z ,y) coordmate system ca;n alsobe
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expressed in apparent enginéering moduli as

«—\iéﬁ_"{ ﬂv A
E>«

E:E Eu;
R ﬁc,@y:::,\ nyjﬁ;‘,‘y
E E,

For an. orthotropic material, the apparent engineeﬁng moduli can be expressed
in terms of the principal engineering elastic constants through the use of (3. 14) (3. 13),
and (3.1). The relations are
I S 1 'zym).z,_ NUREE: ST
— = —cos"f+|=——. sin® # cos*f + — sin* @ -
By By (Gm By - Eae o
. V1a 1 1 2?/12 1 . 9 P
- = B l=-\g+=+—"~=5 f cos™ 0
V,—'fy = [E1 (El +E2 + A Gu)sm cos
r 1t ., 17 212'12) 1 Ve
— = —ginG+ [ = — =2 ) sin®fcos?f + — cos? O = (3.15
Ey . El (G12 El E2 : é': : ( )
1 1 1 1 2, 1 ) W -
— = — 44| =+ =+ ——"——|sin“fcos‘f
Gy Gia -(E1 E B Giz_
g 2 21’/12 1) . 3 (2 21/12 1) 3 ]
: = F || =+—=——=|sinfcos®d—| — +——=— — | sin° fcos @
My [(El By G By B Gu
I 2 21/12 -1 3 2 2112 ]. ]
e e — = g 0
Myzy Ey [( ) + -—E—I* Ei;) sin® fcosd — 5 + | 7 &E sinfcos’
Variations of the appa.n,eﬁt wmoduli against fiber orientation ¢ fer some com-
‘posites are given in Fig. 3.2. Note that for the composites considered in Fig. 3.2, the
maximum coupling between extension and shear occurs between § = 10° and 20°.
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3.2 INVARIANTS

) By substltutmg the following tngonometnc 1dent1t1es

cos’@ = —(3+4cos26 + cos4d)

g(
cos’ fsinf = %(2 sin 26 + sin 46)

» cos’fsin?f = é(l —cosdd) . S (3.16)

; cosfsin®d = ) é— (2sin 20 — sin 46)

o 1
1 L : o sintd = -§(3—4c0329+cos49)"

? into (3 10) the tra,nsformed Q;; can be rewritten as

i . S Q11 = Uy + U cos820 4 Us cos 46

: ) : C?22 = U~ Ug cos 20 + Uz cos 40
%J - le = U4'_— U3COS40
) v ! ‘
Qi = §U2 sin 28 + Us sin 46 (3.17)
)

g Das = %Uz sin29 — Ussindd

Qes = Us— Uscos4f

Y where

U = (3Q11 + 3Q2 + 2Q12 + 4Qes)

U = - (Qn —~ Qa2)

Uy = g(Qn-+Qm-—2Qu-—4Q¢) - (3.18)
U, = é (Qu F Qaz + 6Q2 — 4Q66)

Us = %'(Qu + @22 — 2Q12 + 4Qss)

are mdependent of coordinate transformation. ‘f'bom (3 18) we note that

) coe o = Q11+Q22+2Q12—Q11+Q22+2Q12 . .(3'19)
o | L = Qu—Qu=Qw-Qz
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are two ”invariants”; i.e., their relations with @;; and Q,; are not affected by a
coordinate rotation in the z,-z, plane By combmmg (3 18) and (3 19) we obtain

U o= = (311 +45)
Us = g(fl -412)
U = % (I +AL) |
However, among the three only two are independent as
Us = %(Ul -U)

These invariants were first introduced by Tsai and Pagano [3.1]. In the form
of (3.17), the transformed stiffnesses Q depend only on four invariants U, Us, U3

and U, and the fiber orientation ¢, while in the form of (3.10), Q,; depend on six
constants ¢);;. The expressions of (3.17) also identify the quantities that vary with 8.

- In a similar manner, the transformed compliances S;; can be written as
Sp = U, +U}cos20 + U cos49
B = Uy = Us cos 20 + Uj cos 48
S = Uj—Ujcos4f
S = Ujsin26+2U}sin40 (3.20)
Sy = Usin20 - 2Ulsindf
Ses = AUL — 4U}cos48
where

Ui = & (35n+ 35+ 25 + )
U; = (311 - 5'22) -
1‘ Ué =R (311 + Sa2 — 25'12 — 866) (3.21)
Ué = 5(311 "'.’322“‘6312'_—566)_ _
U_; = %l_(sl_l + 322 - %512 + See) |

3.3 OFF-AXIS LOADING.

Consider a state of uniform deformatlon ina composfse pa.nel produced by applying
a uniaxial stress o,, = g in the x—dn‘ecuon, see Fig. 3.3. The uniform state of
deformation is given by the stra,ms . :
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\ \
Fig 3.3
Egw = ;3'110 0
Eyy = 3120'0 . : ' (322)
Yoy = 91600

It is seen that shear deformation can result from application of a normal load, except
when x- and y-axes coincide with the material principal axes, z, and z3. Coupling
between normal deformation and shear deformation does not exist in isotropic solids.

Integrating the strain-displacement relations for £., and gy, yields the dis-
placement components: '

Uy = e+ fly) (3.23)
N @20

where f(y) and g(z) are arbitrary functions. Substituting (3.24) and (3.25) into

Oug, . O ._ N ,
= ¥ e (3.25)

we obtain I
Yoy =F W) +9' (z) =5wo0e ~  (326)

where a prime indicates differentiation with respect to the argument From (3.26), it

_is obvious that f(y) and g(z) must be linear functions of y and z, respectively, ie.,

fy) = C’1y+Cs e (327
gz = C’g—"f+04 R = (3.28)
Thus, the dlspla.cements (3 24) a.nd (3 25) can be expressed as "
Mg = Sl}tfﬁw+01y+03 T (329)
U, = S1200y + Coz + Cy R (330)
PP )
(g“ S+ G s (Ga T O A CanCy =9
Sufes =Ca g,

SN
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Removing the rigid body tra,nslatlons, we set 03 = (3 = 0. To suppress the rigid
body rotation, we assume that the horizontal edges of the panel remain horizontal

after deformation, 1e., 5
uy, .,
Pt Cy=0 | (3.31)

"The remaining constant C; is obtained from (3.26) as
C) = S1600 | (3.32)

Thus, the displacement field in the composite panel under the uniform stress o, = gy
iS .

Uy = 5110'01? +! Slso‘oy / (333)
Uy = Slgﬁ'g’y 7 ,,/' . : (334)
Vs

For the AS4/ 3501—6 graplute/epoxy composﬂ;e the elastlc modu.h are

E; = 140 GPa(20 x 10‘?psi)

E,: = 10 GPa{1.45 x 10°psi).
Gz 6.9 GPa(1.0- x 10%psi)

v = 0.3

If the off-axis angle @ is 45°, then we have

Su = 0.615x 1070 m?/N
Sz = —0245 x 107 m?/N (3.35)
Sig = —047 x 107 m?/N

The deformed shape of the panel can be determined from the dzsplacement ﬁeld
(3 33- 3 34), which is deplcted in Flg 3. 3

3.4 A BEAM THEORY FOR ANALYSIS OF OFF-AXIS SPECIMENS

Off-axis coupon specimens are often tested to determine composite material prop-
erties. As discussed in the previous section, the off-axis specimen under uniaxial
loading tends to deform into a skew parallelogram in the plane of the specimen. Nor-
mal specimen gripping arrangements prevent this deformation. Suppression of the
end rotations induces: bending moments in the plane of the specimen, and, thus, a
uniform state of stress cannot be achieved. In this section, a beam theory is devel-
oped for the purpose of analyzing off-axis. composlte coupon specimens subjected to
_va;rlous end conditions. :
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N -2

MO QO . y . QL My
N0<-{ . . 24 khIZX "
\ 4 Ihs2
L
Figd4

_ Consider a beam-like off-axis composite specimen as shown in Fig. 3.4. With-
out loss of generality, the width (in the z-direction} is taken as unity. A state of plane
stress parallel to the z-y plane is assumed. The tractions on the longitudinal edges
are absent. We assume that oy, =0 everywhere Thus,

Q125m + Q225yy + st'}'a:y 0 (3.36)

Using (3.36) to eliminate ¢, from the stress-strain relations (3\8), we obtain

{ Oz } [Qu Q16 ] { oz } (a > (3.37)
Oy Q16 Qse Yoy o
where :
P Q2 ™ ‘\j;«
O ) Q-2 A
Qo = Qe 2 - 33)
' ?22 ;
~ @y
Gos = Qeg— ——
P O

The displacements u, and u, are, in general, functions of z and y. As an

‘approximation, we assume the following expansions:

- (3.39)

wp(z,y) = uo(z)+ y(z)
- (3.40)

Uy (a:: y) = ”p(fc)

where 1y and vy are the horizontal and Vertlcal dxsplacements at the mid-plane of the
beam, and 4 is the rotation of the cross-section. The strains corresponding to the
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approximate beam displacements are

Ezx = EO(:E) + yra(:r:) | (341)
Yoy = Yol2) | (3.42)
where p ” ' i
U .
o@="", k@ =2, )= d'if’ +op (3.43)

~ Substitution of (3.41-3.42) into (3.37) yields

IG-:z::c _ Q; Qis {80 } {i‘i}
{‘7-'”‘9} [Qm QGBJ 7o o (344)

"The resultant extensional force N, shear force Q, and moment M are defined

as .
b2
N = f Oy = annep + t18%o
—hj2. . ‘
_ hi2 . _ _ ,
Q = f O'a,ydy = Q15€0 + Gg67p (345)
B2 '
h/2 .
M = f Oreipdy = DK
—h/2
where.
Coay = hQy B (3.46)
RS
} _D = 5@~

Assume that loads are applied only at the two ends of the off-axis composite
beam as shown in Fig. 3.4. From the consideration of force and moment equilibria,
we easily derive the following:

N = N,=Ny= constant (347
Q o= QL' = Qo = constant (348)
M = .D% = Qoz+ M, (3.49)

. Simple Ten_sion.
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o Consider the case of simple tension with N Ng Qo QL =.0, M() = M =
0, and the ends are not restrained. From (3.47) we have

augo +aisy, = No o ©(3.50)
a0 +assyy = 0 B o (3.51)
. Dk = 0 o o (3.52)
Equation (3.52) yields
' 1) = 9y = constant : (3.53)

Solving (3.50) and (3.51), we obtain

N
g = _____0_2 ) (3.54)
a1 — Hs
66 o : :
Yo = —2_2250 (3.55)
Comparing (3.55) with (3.43), we have
o +op=—1 (3.56)
dz T g " ’
which leads to
v = — (E-lﬁeo + ¢) z+C (3.57)
Q66 )
It is easy to show that
c —0 and 9= —?50 = —?},"'eo (3.58)
' L - aes

in order to satlsfy the end cond1t10ns v9(0) = wp(L) = 0. This implies that vo = 0
everywhere.
Smce £g Is constant, thus 'll-(} = &%, a.nd the horlzonta,l dlsplacement U, is given

by .
um(:c, y)=uo+yP=eo (:c_— ?isy) (3.59)
66 ' e
Substituting (3 54) into (3 59) together Wlth the deﬁmtlons of a.u, we obtain
| e y)-ao[ RN L y] | em
] Q11Q66 Qs - Qans Q16 /
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where gy = Ny/h is the uniform apphed stress. It can be shown that the solutions
given by (3.33) and (3.60) are 1dent1cal .
Rigidly Gripped Ends

In testing off-axis composite coupon specimens, rigid grips apply a tensile force
N = Np with the end conditions

Y =0 ol z=10,L o (3.61)
_ vg = 0 atz=0, L (3.62}
Integrate (3.49) to obtain
1
Dy = §Q0x2 + Myxz +C (3.63)

The end conditions (3.61) give

C=0 and M(} = —éLQo

Thus, .
Dy = %ngz _ %LQoz (3.60)
Elimination of €9 using the first two equations in (3.45) yields o
% o= @Qe _ %Nn ~ (3.65)
where
ﬁ’n = anh @u A
A 11966 — aw Q11Q66 le X Fa
| '(bls - anac;ﬁ-}f .026_% QHQZM —".‘l2 H é; g (3.66)

Substltutmg 1 from (3. 64) mto (3 65) yields

dvg___ ! 1 L b1y bis
pla ( &+ =z + )Qo - No

which is readily integrated with the result

1 L 511  big .
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in which the mtegratlon constant is set equal to zero because of the boundary cond1~

~ tions g =0 at ¢ = 0.The other condition (vp =0 at z = L) leads to

b | b R
QO — . 16L2h N __ 16@11 N[] _— : (368)
b1 + 12D bllQu K% B

Substituting (3.68) into (3.67), we obtain the beam deflection as

o CEHEOE-E 0] e

Note that the deflection is S-shaped as deplcted in Fig. 3.5, and that vp = O at
x=Lf2.

bH‘ >
Fig. 3. 5 .
The induced bending moments at the two ends are 7
b
Mo =My =~ LQo = bl Ny (3.70)

* L2
(bllQu h2 )

Solutions of {3.68) and (3.70} indicate that the induced shear force and bendmg
moment would diminish as the length (L) becomes much la;rger tha.n the depth (h)

of the beam.

Using two-dlmensmnal plane stress elastlclf:y theory, Pa.gano and Ha,lpm [3 2]
solved a similar problem but with different end conditions to approximate clamped
off-axis specimens. Instead of satisfying the clamped end condltlon, their solution
satisfies the approximate boundary conditions,
Ol

at z =0, y=-'-'0and$”=_L_, y=0.

3.5 OBLIQUE TAB FOR OFF-AXIS TESTING

As discussed in the previous section, tension testing of an off-axis composite coupon

. specimen using rigid grips would induce bending, and a simple uniaxial stress field
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cannot be obtained. Conceptually, the simple tension stress field could be realized if
the grip could allow the associated shear strain to take place freely. Such a grip is
not yet available. Recently, Sun and Chung [3.3] developed an oblique end tab that
can generate a state of uniform tension in off-axis specimens using rigid grips.

Consider an off-axis coupon specimen under the uniaxial stress ¢, = 0. The
displacement u, is given by (3. 33) as

Up = SpOox + Sis00y

An alternative expression of (3.33) is given by (3.60). From the above equation, we
see that the positions (z, y) that have the same longitudinal displacement must satisfy
the following equation.

(S'uzv + ,'5"16y) g = constant - (3.71)

Equation (3.71) represents a straight hne makmg an angle ¢ (see Fig. 3. 6)aga1nst the
z-axis with - T -

ootp= -8 | (372)

Sll :

If (3.59) is used, then we obtain an altér‘native expression as

cot ¢ = ?16 (3.73)

For 6 = 0° and 90°, Sy = Q:G =0 and ¢ = 90°.
The plot of ¢ versus fiber orientation @ for the AS4/3501-6 graphite/epoxy
composite is given in Fig: 3.7. In view of this unique property, an end tab can be

designed so that its end is oblique, making an angle ¢ with respect to the z-axis as

shown in Fig. 3.6. If made more rigid than the specimen, this end tab would produce

a uniform longitudinal displacement along its obhque edge that conforms with the .

displacement field produced by uniform tensmn
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PROBLEMS

O G'lven a carbon/epoxy composite panel under uniaxial loading, i.e.,052 = 0o, Oyy =
0zy = 0, plot v, as a function of the fiber orientation #. The composite prop- /
erties are _ _ : _

By =140 GPa, By =10 GPa, Gy =7 GPa, v1, =03  Vn = o1
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F3 2* Consider a rectangular composite panel with § = 45° (materlal properties, are
— given in Prob 3.1) subjected to oy, = 10'MPa, oy =0, Ty = T. Fmd 7 that
is necessa.ry to keep the deformed sha,pe rectangular. S

_JPlot the extension-shear coupling coefﬁments Nagy a0d. 1, . versus @ for the
composite given in Prob. 3.1. Find the #'s that correspond to the maximum
values of 7, ,, and 7, ., respectively. :

3.4 If the carbon/epoxy composite panel is subjected to a shear stress T, find

1) The fiber orientation at which o7, is maximum.
2) The fiber orientation at which v,,, is minimum.
3) The fiber orientation at which |e,,/7,,| is maximum.

Compare the result with that of Prob. 3.3.

3.5 Express the apparent moduli for fiber composites in terms of sin né and cosnd.
Use these expressions to find the angle # (other than 0° or 90°) for which G,
could become a maximum or minimum. State the conditions for both cases.
Assume E; > Es, E; > G]g, v = 0.3.

3.6 For the composite given in Prob 3.1, find the §’s that give the maximum and
minimurm values of the apparent Poisson’s ratio v, respectively. If you are
allowed to alter the value of G2, find the values of G5 that would yield v, =0
and v, = —0.1; respectively.

s
‘f 3. 7 | A rectangular composite panel is confined by two smooth rigid walls as shown in

. /' Fig. 3.8. Apply compressive stress o, = —c,. Find the resulting stress o, as
"7 a function of fiber orientation 8. Plot o, /0, versus §.. Assume the composite
moduh to be those in Prob 3.1.

1

\_

/ yd / Z s Z /
— y L
g — 0 —
o, X [ o,
— i
— —
VAV AV A Y AW a4 4
Fig 3.8

o

S

/ 3.8 1. In Prob 3.7, find the value of o that is needed to produce g,, = —0.01 for
| § = 30°. If the rigid walls are removed, what is the 7,7
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p 3 9 Show that the djspla.cements given by (3. 33) ancl (3 60) | are identical.

/K 3. 10 Plot: tha end moment lof a clamped-clamped off—axls (8 = 45°) composite beam .

—-—"" yersus its span to depth ratio (L/h). The beam is subjected to a uniaxial stress
- 0, Use the composite propertles given by Erob 3.1.

]




Flo Mostaks S flec
Mol ok s
bew | )
£ : Mia'{/“ﬁ\ T G,u.'i;a{‘/us(ot?, .

Chapter 4
EFFECTIVE ELASTIC MODULI

Fiber composites are heterogeneous media with distinct phases of fibers and maitrix.
Due to the presence of large numbers of fibers, if is impractical to analyze a composite
by retaining its distinct phases and their exact geometries. If a composite appears
statistically homogeneous at a large scale, then it may be effectively represented by
a macro homogeneous solid with certain effective moduli that describe the "average”.
material properties of the composite.} Once these effective moduli are derived, a
composite is then analyzed as a homogeneous anisotropic solid. .4’

Many methods ha,ve been proposed for evaluating effective moduli of a com-

to account for the local deformatlon in the fiber and 1 matrix, and thus are called micro

mechanics approaches. Common to these approaches is the consideration of a repre-
sentative volume element (RVE) or a typical unit cell which is a subregion of the
composite that repeats itself over the entire body. The effective material properties
are obtained from this representative volume element through various assumed defor-
mations. Since in a homogeneous medium the field quantities such as displacement,
stress and strain must be described by continuous functions, the state of stress or
strain in the RVE’s in a small neighborhood must vary slowly. In other words, the
characteristic length of the macro deformation must be relatively large as compared
with the characteristic dimension of the heterogeneity of the original medium.

4.1 THE EQUIVALENT HOMOGENEOUS SOLID

To construct the equivalent homogeneous medium to represent the microscopically
heterogeneous counterpart, one must define the macro stress and macro strain. One
definition is derived from averaging the stress tensor and strain tensor over the volume

of the RVE, i.e., |
1 :r
Oi5= V faij(maya/z)dv 1,j=1,2,3 (4'1)
4 : :

and
g'zj: %f‘s’ij(x’ Y, Z)dv . ?:aj = 1: 21 3 (42)
v ) '
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respectively, where o;; and €;; are the actual stress and strain tensor components in

- the RVE. In contracted notations, we write

;= v‘[az(zayaz)dv 1= 1:"'36 (43)

and

respectively. For a fiber reinforced compomte the average stress and strain can be
written as

1 _
= v / a{ (#,y,2)dV + f o™z, y, 2)dV (4.5)
Vr ' Vm-: i ‘ )
and _ : ‘ : j L
1 (4 R |
=7 | [ealop 2 + f Ty | (46)
Vi

respectively. In (4. 5)4. 6) V; denotes the region occupied by the fiber, V;, the region

occupied by the matrlx, and of (e ( / 2 and 07" (¢]*) are the stress (strain) fields in the

fiber and matrix regions, respective _
The effective elastic constants C;; are defined from the following average

stress-average strain relations:

o= ng Ej Z: .7 = 11 T 6 (4-7)
or in matrix notation,
| {7} =[C]{z}
The inverse relations are given by introducing the effective compliances S, i.e.,
Eé: S’J g i - (4'8)
or s
{et =I[51{z}

The equivalence between the actual heterogeneous composite medium and the
homogeneous medium given by the average stresses, strains, and the effective elastic
constants needs to be examined. For this purpose, we consider a macroscopically
homogeneous state in which an RVE is sub jected to appropriate boundary tractions
t; or boundary displacements u; that would produce uniform stress (7;;) and strain
(e,,_.,,) in a homogeneous medlum ie., :

u; (\5) '.‘“Ieﬁ.? -'173 .. : ' (4.9)

o .
g T/—/E,-(x, y, z_)afV z.- 1,---.6 (4.4)
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or _ e : S
‘ t (S) =5rz-j.nj | . o (4 10)

The total strain energy stored in the RVE is equal to the work done at the bounda.ry,
ie.,

1 1 10
5!%’%’@'3 = 5!053' n; € TxdS = 5{[5;3 (G35Ew Tx) AV

1 _ _ 8$Ck

= EO'ZJQ,,]B %‘;dv
vV _ _ R

= E Oij€ik 'éjk (411)
v

= -—é- (5’@@@) == %V 5’,;?@

where S is the bounding surface of the RVE.
If the same boundary conditions are apphed to the original heterogeneous

RVE, then
él—ftauzdS = %faijnjU¢dS _ ' E (412)
S g :

where o;; represents the actual stress field in the RVE, and the relation ¢; = o5 n;'

has been used. : : :
Using Gauss theorem [4.1] which states that for any given tensor. A,Jk - the

following is true,

/ AV = j Aii 10505 . (4.13)
v P 5 o : S
equation (4.12) can be written as
Esftiuz'ds = 5]%_(0&%)‘1‘/
= EfaijeijdV'. -

In the above derwatlon, the ethbnum equat:tons 60,3 / 8::::, =0 have been mvoked
Comparmg (4.14) with (4.11), we have

ZCzJ szsg 2]05dv (4.15)
T ) i \K \/

.G_WRYM 5‘:&5"\’“‘[

\;\,gwﬂ“gi”m“m Yo
Ly \UM- Lsf-ii{.%\.

Ty i
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/

From (4.15) we conclude that the eqmvalent homogeneous medium stores the same
amount of elastic strain energy.as in the original body. The effective moduli thus
defined ensure the equivalence in strain energy between the eqmva.lent medmm and
the original heterogenecous material. :

In deriving the effective elastzc constants or moduli, ofe must select the RVE
and find the actual stress and strain distributions corresponding to the appropriate
boundary condztzons associated with uniform stress and strain in the equivalent ho-
mogeneous medium. This usually is not a simple task. Approximations are often
employed in idealizing the geometry and the stress and strain fields in the RVE in
order to sunphfy the mathematics involved. Voigt and Reuss Inodels are tvvo such
examples. :

42 VOIGT AND REUSS MODELS { ( M.stapic famnits)

Consider a two phase composite for which the constituents are isotropic and are
denoted by the f phase and m phase, respectively. Under an imposed macroscopically
homogeneous strain Z; on the representative volume element the true strain field is’
" not homogeneous. However, if we force

&f =& =z | (4.16)

- then from (4.5) we obtain - S

7, = % / dV+f é,dv)

= ( fc'f; . CZ’) i | (4.17)

S

where ¢f = V;/V is the fiber volume fraction, ¢, = V},/V is the matrix volume
fraction, and C’JF and C} are the elastic constants for the two phases, respectively.
_ The effective elastlc consta.nts for the compomte are obtained as

0" = cfcf cm - (4.18)

which ha.ve the same form as that for the rule of nuxtures This uniform strain
assurnption was ﬁrst proposed by Voigt [4.2]) in connectlon with the related polycrystal

problem.
The dual assumptlon is that the stress is umform in the RVE Le.,

.o'f.;o' ,_&z_.. el - : (4‘19)
Using (4.6) and (4 19}, the followmg relatlons are obta.med
B = cfsf wWSE T 420)

43 (s
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The uniform stress assumption was orlgmally proposed by Reuss [4.3] for apphcatmn
to a polyerystal. A good discussion on these two models was given by Hill [4.4].

In general, neither assumption is correct. The implied stresses according to the -
Voigt assumption of constant strain cannot satisfy the stress continuity condition at-
the phase boundaries, and the implied Reuss strains cannot satisfy the displacement -
continuity condition. It should be noted that the elastic constants C’V and compli- -
ances S} given by (4.18) and (4.20), respectively, are not inverses of each other as
they are estlma.ted based on different deformation and stress fields in the Eafﬁp_o-'sme

Consider a representative volume element (RVE) of a macroscopically homo-
geneous and isotropic solid which is subjected to a state of hydrostatic pressure p.
The average stresscs are

Ong = Oy =08m=—p (4.21)
Oy = Oz = &yz.: 0 B . (422)

Using the stress-strain relatibns for isotropic solids, (2.8'1)', we have:

_o-.'l::B + Uyy + Uzz (Oll + 2012) EO . | i . (4'23)

where
E0=Ezz + Eyy + €.

is the volume change per unit volume of the representative volume element. The bulk

modulus K is defined as s _
_p_Cu+20, .

K= 4.24
&= 3 (4.24)
If the strain-stress relations of (4.8) are used, then
€0=Fqz + €y + €= —3(S11 +2512) P (4.25)
and the bulk mo_dulu__s an'be expressed_in compliances as o ' .
~%~ B o B
K = e . (4.26)

3(Su+ 2312)

Consider a particulate composite which is to be represented by an eqmvalent
Isotroplc sohd Usmg the Vo1gt assmnpt1on we obtam '

Ch= Cfcn + Cm ) C12 = Cfclz +&m
and the effectlve bulk modulus whach is obtamed from (4. 24)
K" =-3—(c +20 ) ( 2)_chf+ch @)

This is of the same form as that for C’V in (4 18)
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If the Reuss uniform stress is impoééd throughout the RVE, then we obtain
SE=cpShi+enST , SE =S+ cnST

Substitution of the above equations into (4.26) yields |

o
o 3cp(Sh+25h) + 36 (ST +257)
LR 1
i K_R’_ = _—“__[_ ol S AT (4.28)
Kf K, o -

A similar exanrunatlon of snnple shear leads to the Voigt and Reuss estlmates
of the effective shear modulus as

GV = ¢;Gs + G (4.29)
| GR= ﬁ
Gy G
respectively. IR

The difference between the estlmates can be put as

v eon_ (Kr—Kn)®
K- KT —H >0 (4.30)
¢ . Cm.

with a similar expression for the shear moduli. Thus, the Vo1gt values always ex-

" ceed the Reuss ones. The difference becomes large if the r1g1d1tles between the two
_const1tuent phaseus dlffer substantlally

1 )

4.3 A HYBRID VOIGT—REUSS MODEL

For composites with simple regular internal geometries, one may be able to deter-
mine with a certain degree of accuracy whether a mode of deformation is better
approximated by constant stress (Reuss model) or constant strain (Voigt model) or
a combination of both. For the purpose of illustration, let us consider an idealized
two dimensional fiber reinforced composite as shown in Fig. 4.1. The fibers are as-
sumed to have a rectangula.r cross section, and the medium is assumed to be of unit

_ thlckness A state of plane stress parallel to x;— X2 plane is assumed. The fibers and

matrix are assumed to be isotropic with the elast1c constants Ef, Gy, vy and Em,
G, Vi, TESpECtively.
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13 I////H///l///l

Ef Givi EmGmvm
| Flgure 4.1 An idealized 2 D model for fiber composfces

relations are given by

011 i Q2 O Enn |
. G2 0= | Q2 Qoo 0 | Ex ' (4.31)
| T2 0 0 Qes Yss o
or - .
Vi
1 _m o Lo
Enn %112 IEI o1 ¥ ‘:3@%“
Egg ¢ = & & 0 022 {é (4.32)
Y12 0 ! 02 1 T12
- Gha |

Within the RVE, the fo]lowmg are assumed JL,;
FENL

~jef, = €f =En: constant strain ( A;;!.,& Qﬁw,ﬁ,}g‘ (4.34a)
o}, = ol =79 constant stress (M :{;‘;{7‘ (4.34b)
ofy = 075 =&y constant stress ‘VL”’"W/VL") (4.34c)
efla & Cos
for any approprlate general deformation. Equation (4.34a) mdlcates non-separation
between the fiber and the matrix, while (4.34b, c) satisfy the continuity of stresses
“at the interface of the fiber and the matrix. We arnve at these conditions often via
our physical intuition. "

Since the stress and strain are constant in each constltuent mtegratlom in

(4.3) and (4.4) can be ca.med out to yield the fo]lomng relatlons

A In = crory + CnOY1 o (4.35a)
€22 = Cf5£2+cm€22 s - .(4.35b)
e = Cf712+C'm’Y12 o (4.35c)

Equatlons (4.34) a.nd (4.35) and the stress-strain relatlons of the fiber and
matrix can be used to obtain the stress-strain relations for the equivalent orthotropic
solid. Altematwely, the special deformation associated with each effective engineering
modulus can be considered from which the particular modulus is obtained. The latter
a.pproach is taken in the followmg derivations. :
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s Longitudinal Young’s Modulus F; and Poisson’s Ratio vy,

To determine the effective loEgitudinal modulus E; and the Poisson’s ratio vy
we consider a macroscopically simple tension, i.e.,

01155 0, Toy=F19=0 (436)

In view of (4.34) it is evident that both fiber and matrix are in simple tension. Thus,
SN . e : N
(0'{1/‘ Efsﬁ = B¢ En (4.37a)
ey = —vseh=-vsEn | (4.37b)
071 = E,efi = EnEn (4.382)
Epp = Vg€l = —Vm En (4.38b)

Substitution of (4.37a) and (4.38a) into (4.35a) yields

T11= (CfEf + cmEim) 5_11'

Thus, e \J\
K( B = CfEfff- cm@nD o (4.39)

Substitution of (4.37b) anmm into (4 35b) lea,ds to

Egp= — (Cfl/_f + %Vm) £11

V127= ch 1 + cmvm (4.40)
¢ In Plane Shear Modulus G2 |

Applying the macroscopic s_irhple shear G125 0,  511=020= 0, and using the

constant stress condition given by (4.34c), we obtain from (4.35c)

T2 = eyl +em
G12 T12
cr— -+

(Gf -+ E,;) 012

Thus, the in plane effective shear modulus is

—_ 4.41
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| | e Transverse Young’s Modulus Fs -

Consider a state of ma,crbscopic simple tension applied in the z; direction. We
have ’

Fa# 0, F11=G12= 0
In the fiber phase and matrix phase, we have

ol

1 v

Efzz? o 32 —Efafl (4 2)
?_f . t I 7 -\_/ '
and 1 ' \;
_ vV ,‘//
_E@2'2= E 0'22_ _—E—,:-Uﬁ o a (%\43/))

respectively, in which the constant stress assumption, {(4.34b), has been invoked.
Substituting (4.42) and (4.43) into (4.35b), we obtain the average strain €jas

€2 = Cf?%"‘ C‘mﬁgél -.
= (_J;'_f + E%j 322 — (%f;cfofl + ;—:cma’f‘i) _ _ (4.44)
Since &1;= 0,(4.35a) leads to
- Cm 0= —_Cfo'{l | | (4-45)
Upon substituting (4.45) into (4.44), we obtain |
wo(Fri)e-(F o)t oo

From the strain-stress rela.ti_ons of the fiber and the matrix, we have

A

_f — f . f = 5 b
&h = poh-g = (Szjf'?)/ |
1 = E.‘u"F o2 . \(448) )

Using the constant strain assumption &f, = €7} in (4.48) together with (4.45), gl can |
be eliminated from (4.47) with the result |

—f %\(VfEm_ VmEf_,) = ‘ | } 1.49
i -. _;Cf‘Ef + ¢ fom 72 . ( )
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Substitution of (4 49) into (4.46) ylelds the stram—stress rela.tlon for simple
tension in the z,-direction:

R o
o '[(Ef+Em)

Thus, the effective transverse Young’s modulus &, is obtained as

.\\

CfCm (va - VmEf)
EfEnm (ctEf + cnEum)

T2

Crm- Consequently_, (4.50)__can_be a,ppro}_cimated'by

! +_(1_Vm)

Ey Ef En

~ Carbon fibers are tra,nsversely isotropic. The above procedure for evaluating
engineering moduli can easily be extended to include anisotropy in the ﬁber and
matrix.

4.4 A SQUARE FIBER MODEL

* A more realistic RVE for urudlrectronal fiber compos;tee 15 shown in Flg 4.2. In thls

RVE, the round fiber is approxzmated by a square one, There are three regions, ie.,
AF, AM and B as shown in the figure. Region AF is the fiber, regions AM a.nd B
are the matrix. To find the effective elastic moduli for the composite following the
procedure described above, we first consider the effective moduli for composite region

- A which consists of AF and AM. This is precisely the model we have just investigated.

Figure 4.2 An impreved' RVE for fiber reinforced composites

The effective engineering moduti for the combined regions AF and AM can be
obtained from (4. 39) (4. 40) (4. 41) and (4. 50) The correspondmg reduced stiffnesses
are denoted by Q B

Q = Ch Gy + -t

¢) er
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The next step is to consider the commposite medium consisting of region B and
region A with the latter already represented by an equivalent homogeneous medium
with QA This can be accomplished by adopting the following assumptions regarding
the three modes of deformatzon

B 11: constant strain (4.51a)

311 = € =€
8542 = 82% = Z99: constant stran (4.51b)
Y = Y =7, constant strain (4.51¢)

The equivalent homogeneous medium in region A is a 2-D orthotropic solid
whose stress strain relations assume the form of (4.32). Region B is a matrix region
for which the stress strain relations are those for the isotropic matrix material.

In view of (4.51), it is evident that the present model in combining regions A
and B is a Voigt rnodel. Thus, the effectwe elastic constants for the composite are
obtained as

(4.52)

where Q are the plane stress reduced stiffffesses or the matrix, and ¢4 and cg are
the volume fractions of regions A and B, respectively. The relations between the
plane stress reduced stiffnesses Q;; and the elastic moduli are given by (3.2-3.3).

- The effective elastic moduli for the composites are obtamed from the effectlve
Qi; using the foIlomng relations

e e
—e
'Gﬁ'z’@a& o S (4.53d)
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Problems

4.1. Derive the effective moduli El,Eg,Glg,and vy for a umdlrectlonaﬂy fiber-
reinforced composite with transversely 1sotropic fibers and an ISOtl‘Oplc matrlx
Use the hybrid Voigt-Reuss approach. . Co S -

4.2, Consider the_boron/aluminmn with the fol]ovsfing elastic prop_e_rties;""

‘Boron fiber : ‘E = 380GPa , G=172Gpa ., v =10.1

Aluminum : E = 68GPa G-—26GPa , v=03
e

Plot the effective moduh El, Ez, Glz and v 15°of the composite versus

e,
e ___,____M/.,/

fiber volume fraction C_f usmg the fo]lowmg methods
a) V01gt assumption.
" b) Reuss assumption
" ¢) Hybrld model

d) Square fiber model

P

B |



Chapter 5
ELASTIC ANALYSIS OF COMPOSITE LAMINATES

Unidirectionally reinforced fiber composites have superior properties only in the fiber
direction. In practical applications, laminae with various fiber orientations are com-
bined together to form laminated composites which are capable of carrying loads of
multiple directions. Due to the lamination, the material properties of a laminate
become heterogeneous over the thickness. Further, due to the arbitrary fiber orien-
tations of the laminae, the laminate may not possess orthotropy as each constituent
lamina does.

5.1 NOTATION FOR STACKIN G SEQUENCE

R | gy A laminate consists of a number of laminae of different fiber orientations. A composite
sx ply is the basic element in constructing a laminate. Fach lamina may contain one

R @ or more plies of the same fiber orientation. The laminate properties depend on the
p— lamina fiber orientation as well as its position in the laminate (the stacking sequence). .
=== To describe a laminate, the fiber orientation and position of each laminate must be _
L Y “ accurately specified. |
Y e Ly‘)“ To achieve the above purpose, a global coordinate system, (z,y, z), must be
W k?ﬁ’ . established. Let the 2-y plane be parallel to the plane of the laminate and the z-axis

be in the thickness direction. The fiber orientation (§) is measured relative to the
z-axis as shown in Fig. 3.1. The positions of the plies are listed in sequence starting
from one face of the laminate to the other face along the positive z-direction. An
example is shown in Fig. 5.1 for [0/0/45/—45].

In practice, layup is not arbitrary; it often possesses certain repetitions and
symmetry. To avoid lengthy expressions, abbreviated notations are used to specify
the stacking sequence. The following are some abbreviated notations introduced to
indicate ply or sublaminate repetition and symmetry in layup.

Symmetry: If the layup is symmetric with respect to the midplane of the
laminate, then only half of the plies are specified, and the other half are included
by a subscript ”s” indicating symmetric layup. An example is [6/90/+45/—45]s or
[0/90/+45)s which stands for [0/90/4-45/-45/—45/4-45/90/0].

Repetition: If a ply or sublaminate contiguously repeats itself n times in a
laminate, then a subscript » is attached to the ply angle or the sublaminate group
angles to indicate the repetitions. For example, [0,/905] stands for [0/0/90/90], and
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[(0/90)2/4:45,] stands for [0/90/0/90,/45/45/-45/—45)].
Additional examples are given below.
[0/+45/0]5 stands for [0/45/—45/0/--45/45/0] where an underline is used to
'indicate the ply right on the plane of symmetry.
[(0/90)2]s or [0/90]szstands for [0/90/0/90%90/0/90/0]
[(0/90)s]2 stands for [0/90/90/0/0/90/90/0]

-45°

+45°
: ,,,,,0‘? RS

00

Figure 5.1 Coordinate system and stacking sequence

5.2 CLASSICAL LA.MINATED PLATE THEORY

Conmder a laminated plate consisting of a number of fiber reinforced laminae. The

" Cartesian coordinate system is set up as shown in Fig. 5.2. The z-y pla.ne is located

at the midplane of the plate. Let u, v, w be the displacement components in the z,y,

“and z directions, respectively. In general, u, v, w are functions of z, y, and z. Expand
‘the displacement components in terms of povwer et series of z, we have

__ f.w‘vgi

u(z, g z) = Zz uz(:r; y
zu-O

'U(x: y, .Z) = gf&?’%(x, y) . (51)

; =0
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Z foo (29 b)

\
N\
TRD
s
N

ea P pd

4,\1:‘“?‘5// - - <~

X
Figure 5.2 Coordinate system for laminated plate

M For laminated plates with thicknesses that are small as compared with the

lateral dimensions, the va:c1at10n of di dlsplacement over the thickness is small. Conse-
quently, good approximation can be achieved by retaining the first few terms in the
series expansion given by (5.1). In view of this, we consider the following approximate
plate displacements (using 4, and 4, to replace u; and v, respectively):

u(z,y,2) = u(@,y)+2.(z,)
v(z,y,2) = w(z,y)+2¢,(2,9) (5.2)
wlz,y,z) = wy(z,y)A s W' e

where up, vy, and 1 wy are 1dent1ﬁed as the msRLacement components of the midplane,
Equations (5 2} also indicate that the transverse displacement w is “assumed to be
constant over the thickness. It should be noted that according to the displacement
assumption (5.2), u and v are linear functions of z; this indicates that plane sections,
will remain plane after deformation.

The transverse shear strams 'ymz and Yoz corre5pond1ng to the a.ssumed plate
dlsplacements are

aw

o D
ry:z:z - aax +11ba:
w
Yye = —6; +y (5.3)

If we further require that the deformed midplane remains perpendicular to the plane |
sections, i.e., the transverse shear strains vanish, then '

. Bwo
Ve = ~ 5
. : 15 _
% = -2 (5.4)

Oy
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Substitution of (5.4) into (5.2) yields the displacements in classical plate theory:

- dwg
EERE
£ oM. (/ vj= vo—z-'?(%g - | (5.5)
1

Exn = Eg + BRg
Ey = &ty (5.6)
’Y:z:y = ’ng + Zl‘&my
where |
Oz v By ¥ gy Oz
82%‘9 Bz'wg . 32UJ0
z = — , = e ; Yy — _2 5-7
& Ox? Ty a2 Ry 0y (5:7)
Thus, the strains of the la.mmate are continuous over.the thickness, and are described

by the in-plane strains £°, e, 'ymyand the curvatures x;, Ky, £z Of the mid-surface.

5.3 PLATE CONSTITUTIVE EQUATIONS

Although the strains are continuous over the thickness of the laminate, the stresses
in the laminae are, in general, discontinuous across the interfaces due to different -
material properties resulting from dlfferent fiber orientations. For-the-, kth- lamina, 7

the stress components are given by ™~ E - : = Sy i‘;[ ”
Oz Qu 912 : 916"" el Koz .
Oyy =1 Wy Q@ G 859 pTEy Ry (5.8)
Ooy J i g Wos Yes k ey ) Kay

It is apparent that analyzing each layer individually is a cumbersome task.
Also, since the displacements in the layers are given by three "global” functions,
ug, Vo, Wo, 1t i8S desua,ble that some "plate force” quantities that do not identify with
the individual e be employed These quantities are usually called the plate
resultant forces N} and thoments {M } defined by

Ogy $dz. (5.9)
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M, oA s | | |
M, b= ] Oy b 2d2 (5.10)
My —h/2 | Ozy

and

where h denotes the thickness of the plate, and the stress components ¢, ¢,y and o4,
assume the values of o®, o) and o) if 7 is located in the kth layer. The resultant
forces and moments are deplcted in Flgs 5.3 and 5.4.

Figure 5.3 Resultant forces

Z .

Figuré‘ 5.4 Bending"ahd twisting moments

._If the kth la.yer occup1es the reglon ﬁom z= z,., 1t0 z=2 (see Flg 5. 5), the '
 integrals in (5.9) and (5.10) can be expressed as

o o { }:Z_: / { Oy } dz (5.11)

‘){ :t:‘y _k—lzer 5 Ux’. k
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_ ~and
w : Mm : ';1. Z | Oy .
M, =3 f Oyy ¢ 2dz (5.12)
Mxy k=1zk_1 O'*? k L. .

where n is the total number of layers in the laminate. Substituting (5.8) into (5.11)
and (5.12}, we obtain -

Ny n % Eg % .
_ XA 6 |

: and
Mx T %k 82 ¥ Kz
M, ———Z[Q]k / "665" - zdz + / Ky ¢ 22| o (514
Mmy k=1 Zk—1 ’ny T Bp—g Koy .
where n is the number of laminae in the laminate.
z
£ L _
A0 I

| Lo ety
| ; . . _

| W JJ[V JTLI _ Jﬂfu L1,

Figure 5.5 Lamina coordinates

Note that the quantities €3, 0,72, , £z iy, ahid 4y are independent of z. Hence,

the integrations in (5.13) and (5.14) can be performed. The results can be combined
into the following form '

(N, ] [ Ay A A | Bu Bz By | [ e )
N, | A2 Am Aw | Bz By By Eg,
Ny As A Ass | Bis B Bes Yy :
{ — =] — —— —— = e e [ e ) (5.15)
M, By By Bis | Du Dy Dy Kz
M, Big By B | Dya Dy Dy Ky
| My, } | Bis Bxs Bsws | Dis Dy Des | | Kay |
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where R
hj2 m |
(Az;n Bz.?: Dz:r) = / Qij (1,3732) dz (5.16) .
' bz =
or, explicitly, =’ y
Ay = Z Q;; (ﬂc — Zp1) Jf ot
i _ k=1 . : !
P S (&) , J N -
S By = 53 Qy (s—.), | (5.17)
! k=1 Tk
| 13 A8 f
Jﬁ -Dz_;r = é’ Z i - (Zg 2’3‘; 1):£ 2 -~ ;L
P k=1 }1 ‘ 2. -2
1

_ Denotmg the th.lckness and the dlsta.nce fo the centr01d of the kth lamina by |
ty and Z, respectively, (see Fig. 5.5) we can also write (5.17)as T3~ 3,

_ (k)

Ay = EQU 2‘;1-%,‘-
® 13-,
B; = ZQij tk 2 Ty-Ty  (5.18)

~

. 3
Dy = ZQ()(tk/_' :;)

Coéfﬁcients Aw are called ektens‘ional stlffness& 12;,,, mgg,gplfng stiﬁ'nesses and. D,:.,,

R T A e o

N Ul, Uz, . U5 by using relations (3.17). For Aq;, we have

An = VoalUs + ViaUs + VaUs.
A = VoalUs— V3aUs

. . 1 :
oA = 5Vl + Viuls \
o Anom Voalh = ViAUz + VsAU3 ' (519

RO |
A = EVZAUz V@Ue
Ass = %g.Us — W43
Where L
Y . |
Via = [ oos2bdz=3 tieos20
' ke k=
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) k2 P
Vea = [ smmd=3nsne.  (520)
kL | |
Vaa = f cosdfdz = )ty cosdby
~hf2 k=1
) h/2 .
9 Via = / sin4fdz = > tesindfy
3 - —h/2 k=1
) ‘ Smular expressions for B;; and D;; are. obtamed from (5.19) by replacing Vi4 (i = 0,

....4) with ¥;p and V;p, respectively. The coefficients V;p and Vp are defined as

RJ2

| ‘ VioB,18,28,38,4B) . f [1, cos 26, sin 26, cos 46, sin49] zdz (5.21) -
) i _ N _ :
'. Y hf2 .
"') Viop1p2p3pap] = / [1, cos 28, sin 26, cos 48, sin 4] 2dz - (5.22)
! . —hj2 y

Symbolically, (5.15) is usuaﬂy expressed in the form

) W"‘ Emg{ } [ A | B {—i— } _‘ (5}_23)

> Wﬂ{ WM
_ PR
Consider the case where {B] = [0], then (5.23) reduces to f £°K A Jil. € j‘ / :_} (
= e} (v ” L ’
‘__{M:}!‘ = [D] {s} |

As a result, the 1n—plane forces {N} and strains {eo} are uncoupled from the bending
L moments {M} and the out of plane deflection associated with the curvatures {«}.
N In other words, when the plate is subjected only to-in-plane forces, no out-of-plane
) deformations would occur. Similarly, when only bending moments are applied, no
extensions of the mid-surface of the plate would be:induced.
_ Obviously, if [B] is not null, then coupling, between extension and bendlng
* exists. Thus, stretching a laminated plate by m—pla.ne forces may also produce bending
and twisting in the plate and vice versa.

_— —_— —_—

B | D

NATES |

J 5.4 SPECIAL CLASSES OF LAMIN
. _;:) Symmetric Lannnates . [B} O ' -F;x,@w ﬁ»f« Lo \+\ N ,1% {
o b o
- R i
[')' MWJQ}J Wﬂi | ’LN({ bad Z: A ] 65 t . W\VV(*"*} g‘ d "@érﬂ“ﬁ“\—“—"ﬁ'\g*’ /
L‘g . :
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In a symmetric laminate both the geometry and material are gsymmetric about
the midplane. Due to these symmetries, it is not difficult to see from (5.18) that the

| / _______ / ,/P—"g” coupling stiffnesses B;; vanish. The uncoupling of extension and bending as a result
A & of B;; = 0 is often T&ired bécause the laminate is easier to analyze and is free from
¢ . distortion resulting from residual stresses (curing stresses). '
Mpbe A special case is the single-layered plate which is basically a plate of an or- -
thotropic material. In addition to B; = 0, we also have
o - ‘H.. ot [&j )
Oy = ’ . =
x =+ » 0y 3 vl Ay = Qz—j h
> Dy = 0.1 - (5.24)
T Yo 127 : R
If the material is isotropic, then the above expressions. further simplify to
: Eh vEh |
An o= Azz;'l':‘/; ; A12=1_V2

Ass = Gh , Aig=Ax=0

Eh3
S a—) _._D12 = VD.H .' (525)

1
Deg = EGh3 y Dig=Doy=0

Dy = Dy

Effective Moduli for Symmetric Laminates
A symmetric laminate under in-plane loading can be treated as an equivalent

homogeneous anisotropic solid by introducing the average stresses
O.=Nzfh , Gy=Ny/h , Osy= Nyy/h ( pate (5.26)

The plate constitutive equation for in-plane Ioéidiﬁg can be written as

&S oY oy Shem {:@m’“ ' '
- j f‘h; LU}] %”}Q R Ll 3 okt L (5.27)
I W y 5 y My eale .

| L Tl W) ey o
R _Equation (5.27) indicates that the laminate is effectively a 2-D anisotropic solid in-
E_";’ R _ M‘]' gefplane stress and [A]/h is the effective elastic constant matrix. The inverse relation of -
WL T (5.27) is G e e e T g
) k - f ) 3 3 . LA - ""\ﬁ .
i o { [h=nlalfml e T g
where o |

W=ty

The components A}; are given by

. il = . !(AggAég - A%ﬁ) /A
B R e = DL
b{i =i ‘“}gv L/g‘i %""f:‘ﬁ/&p? _,]
& o \
- ,\ﬁ"%f!.{ U l/oe /ey o, UGk

J:n’MW- &5@»‘»3 CAT ea mw wika Wwﬁ Lo
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(AlsAzs - Aleﬁﬁ)/ A_ .,

} 12 =
= (Andes—~A%) /A -
Ale = (A12Azps — Andi)/A (5.29)
| Ay = (AnzAie — Ands)/A
b = (Audn—~4h)/A
f" where Au = ("4?’- Ace— Hee) /4
= |44]

"t
Comparing (5. 28) with (3 4#), we can relate the components Aj; to the effective

engineering moduli for the laminate as o
1 1
: b = E, =
A T
: ’ 7
j W&_ Vg = — }2 , Vyg = -—# o (530)
b éiﬁ" "ﬁ'f'm»& ' Y 1 ! 2
_ 16 _ “lug
i nzy,z - ) nzy,y AL
; 66 66
_;] Gwy = A A’

If a symmetnc laminate also possesses the property Ays = A = 0 (e g

[0 /90 and ]:t45|5 ),.then the. eﬁggtm.&maduhcamb&exphmﬂymexpmssadﬂas

.Ex =

ij B, =

(A11dae — A%)/ hAz
(A g — A%)/ hAu _

N Vegy. = A12/A22 . (5.31)
L D/Q‘ﬂ C‘L%g'] = ApfAn -
‘n | %«og;\fc;,,g - ny = AGS/ h

Example 5.1 Negatwe Pozssons HRatio in Lamznates T

When a symmetric laminate is treated as a two-dimensional homogeneous solid
in plane stress, it may exhibit some unusual properties that are not observed i in other
homogeneous solids. One of these is negative Poisson’s ratios.

Consider the symmetric but unbalanced lammates [0, 8 + 25° ]3 where 9 = 0°
to 180°. The ply properties are given as~ =~ = . ——— -~ RS

By = 180GPe ,
Vg = 0.28 )

Ply thickness = 0.13 mm

E,=10GPa , Gp=7 GPa
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The apparent Poisson’s ratio v, can be calculated using (5.30). VFigure 5.6 shows v,
as a function of 8. It is seen that negative values of v, are posmble Also note that
unusually high positive values of v,, can be produced.

)
' &.W_J\,,«*’__m é\c_ﬁ&'m

olponts R

L S )y
0 © 3 45“" * 90 135 180
80
Figure 5.6 Apparent Poisson’s ratio v, in [§/8 + 25°]¢ laminates

Ant:isymmetric Laminates ( Dot wadk  Jrcawne B R WA @j‘, mi

Nonsymmetric laminates may be used for fabricating pre-twisted components
such as turbine blades. The material properties of an antisymmetric laminate is anti-
symmetric about the midplane. For a laminate consisting of similar fibrous plies to be
-antisymmetric, the number of plies must be even. For example, [+45/-+30/-30/-45]
is an antisymmetric laminate. It is then easy to see that a +6° layer always accom-
panies a —§° layer located at the symmetric posﬂslon with respect to the midplane.
From (3.10), we have :

c Lol s %« 4 (Q ) _ —-(Q ) -'?Q“M;;,W o bee?
fl‘ éﬁsz} e m;h bt g oosee \ 18/ 10 16/ _g P

0,( MM (Q%)w. - -(st)_9 S m .. = =

which lead to Ao~ 2 .. = 0
A16—'A26'“D16—D26— CB] %:«@ '

Thus neither eﬁw{g nor bendmg—tmstm coupling is present in
antisymmetric laminates.

Cross-ply Lammates



. Vi Vv consists of an equal number of composite plies. The total thickness of plies with the
) A
L

iﬂ“h’ 3. _-....»-
) O 'l"” “’W‘"“\)ﬂ ’& ME'UQE” d‘k‘” 9% v b J Y %MMZW Ho
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A cross-ply laminate consists of an arbitrary number of plies each with fiber
orientation of either 0° or 90° to the z— axis. Since Q;5=Qqs= 0 for both plies, thus,
Ays = Agg = Big = Byg = D1g = Dog = 0. An antisymmetric cross ply laminate is
one that has a 0° ply for every 90° ply at the symmetric position and vice versa. For
such laminates, we have the additional properties

By =—By; , Bia=Bg=0 ©(5.32)

Balanced Laminates
If for every +0 ply there is a —@ ply in a laminate, then the laminate is called
a balanced laminate. For laminates of this type, A;s = A = 0, but, in general, Diyg

# 0 and Dy # 0. Eﬁ]wwﬂ‘ﬂ‘””iw wok O amai
“gw l@ 5.6 QUASI-ISOTROPIC LAlVJINATES { ‘S’P“Lc’aaf cane By ,é'a,w,b«mﬁ‘>

pond M O For summetric laminates, the in-plane deformation {%} and bending curvatures K
yin
z?i)‘b“{“‘b are uncoupled. The in-plane load-deformation relation is given by [A] as

{N} =[4]{"} (5.33)

If [A] is invariant with respect to coordinate transformation, then the laminate would
W a\ have the same longitudinal stiffness in every direction; i.e., the in-plane laminate stifi- N
waliu‘( «  hess is 1sotropic. However, a laminate possessing an isotropic [A] does not necessarily €, £.,%
imply an isotropic [D], thus the name quasi-isotropic laminate. | §re
‘D‘i’ Consider a symmetric laminate having N fiber orientations each of which

same fiber orientation is on ooliopt PV o Y %
(3, 3,343) f= h/N €,V o~ G
_ ! -,
Using the expressions of ¢;; given in (3.4#), we have A A, R

Ay = {NU1+UQZCOSQBL~,+U3ZCOS49]¢} : ’4’1 ’é“ 0

aoliopic o [ AT =~ . ﬁ,. 4 2‘)
& - v vl Yo 3 “ ¢ { ’}
cxwwﬁom«aﬁ

NU4—U3ZCOS49k} -
k=1 . :
N CZC’M/L & wvwmﬁ MFf‘ |
NU; - U, Z o820, + Uz Z €oS 49&} ' s I : & O bogs, ke

. N = k=t i J@a ﬁ@wiﬁ{fwﬁ
-Uy Z s1n29k +Us Z sin 49];} (5 34) M&ﬁw
k=1 k 1

‘N Leih H‘ & fdiﬁnﬁgz £
Uy sin26; — Uy Z sin 49k} gt el ;@M

= = M )
NU5——U32cos49k} | o} LATge|

7 T‘F“ ;i‘q 13
Hov, whed & ool o ,4.

S e N, P

Nllb——t [=F A

Lo alis :Ebﬁ‘“‘:ﬁ‘%* |
i QMLM a‘g&‘bflﬁs =

N
8
I
2= z2|l> zl> z2s z2(s 2=

{
3

'EW Ve Q@/’W/w@:%?@mg = & k%} iﬁe‘t&wm *%v t:fm”’fawh = %s%mm
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It is evident from (5.34) that the desired invariant property of [A] can be achieved if

. _
Vi = > cos20;=0

k=1

N
Va = > sin26,=0

k=1

N
Va = ) cosdf=0 _ ' (5.35)

k=1

N
Ve = Y sindf =0
k=1

simultaneously. To find conditions that'satisfy (5.35) we consider the special situation

where :
6r=(k—1)n/N k=12,---,N X (5.36)

That is, the fiber orientations have an equal increment of w/N.
By using the relation for a complex function,

€T = cosnz +isnng (5.37)

we can write

- .
'le + 21[2 — Z: e2(k—-1)1ri/N
k=1

VatiVy = Y efe-umiy (5.38)
k=1

Using the identity of geometric series

_ ) 1 — V418
1+ef+e® 4.+ = S i =
the above two geometric series are rewritten as
) 1— 6211'2' :
: V1+zv2 = Jgmi/N.
o 1— e47ri
| Va+1iVy = W- (5.39)

Using the expressions, it is easy to verify Vi =V3 =1, Vy =V, =0, for N =1 and
Vi=Va=V=0, V3=2 for N = 2. For N > 3, conditions (5.35) are satisfied

Ny
i
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simultaneously, and we have

Ay = AU,

A = hU,

Am = hlj | | (5.40)
Aig = Ap=0 RN

1
Ase = hUs = 5 (A — A1g)

which indicate that the stiffness matrix [A] is invariant with respect to coordinate
transformation. _

Apparently, the minimum number of fiber orientations to form a laminate with
isotropic. in-plane stiffness properties is N = 3. An example is the [0/+60], laminate
which is called the #/3 laminate. The laminate [+45/0/90], (the m/4 laminate)
belongs to the group of N = 4. Other quasi-isotropic laminates cerresponding to
“higher values of N can be constructed in the same manner.

The in-plane stiffness of a qua51—1sotr0p1(: laminate is similar to that of an
isotropic solid, i.e.,

A]_l A12 : 0 :
[A] = A12 All 0 (54].)
0 0 (Au - A]_g) /2

5.6 LAMINAR STRESSES [ Jlied Lo duteel. M lo ousd BC‘"’ e

The plate resultant forces and moments provide a convenient way to formulate the
global governing equations for thin laminates. However, for prediction of the laminate
strength, stresses in each lamina must be recovered.

If loads in terms of {N} and {M} are given, then the midplane deformation

is obtained from
QY [4A } BN |
SR G [N [ g (5.42)
Sl 1 2] Lu]]

The stresses oi¥), ag,’;), and o), in the kth lamina are calculated according to (5.8),

46'—;;(%53,(5&\“‘) : {a}k—TT({;F}j:gﬁL“ S (p4)

If the plate displacements ug, vg, and wy are kn then {°} and {x} can
be calculated from their relations thh the plate dlsplacements The Iammar stresses
are then obtamed from (5 43) R

‘Example 5.2 Lammar Stresses in a Quasi Isotropzc Symmetmc Lammate
[+45/0/ 90]3 Subjected to @ Uniavial Load N,

it 7A___i__\‘

\



LAMINAR STRESSES
t We e, werslen mva&‘/p‘ Lo a&?
3_ The composite ply properties are
| ;M.-:i A1 B, = 20x10°psi , Ep=14x 10° psi

e 4 - sert, Ve of G = 0.8x}06psi , =03
. A fg& g t = ply thickness = 0.005 inch

The following properties are readily calculated.

2013 042 0 ]
042 141 0
0 0 08|

(141 042 0
042 2013 0O
0 0 08|

64 48 247

Q o= 4.8
e | 447 447 52
(0343 0104 0

0.104 0.3453 0 x 10°
0 0 0119 |
L

x 10° psi

x 10 psi

The strains in the midplane are

The laminar stresses are

6.4 :!:4.7} x 10° psi -

£ N, 3.21 o
e A=[A"'S 0 $=1¢ —0976 } x10°° N,
Yoy 0 0

.8

(b)

g
Oyy ¢
. O'x'y 0° .

Ozz |
Oyy
U T2 g

o, {4}
Jooe {=°} :{
e () - { o5 } -

64.19
—0.02 ¢ N,

0 |
4.11 -
~1829 1} N,
o

:l:lO 45

The dlstnbutlons of the lanuna.r normal str%s&; are shown i in Fig. 5 7. It is
evident that the stress distributions from lamina to lamina are not contmuous Also
note the large compressive stress Tyy developed in the 90° Iamma due i;o 1ts inability

to contra.ct in the y—dn'ectlon .
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Figure 5.7 Normal stress distribution in the laminas

5.7 [+45°] LAMINATE (Enligm ce @41 nean, JZE;WS

11111

4

[1]78x

YYYYY

structures. For example, consider the [+45], laminate with the composite properties

g;lven in Example 5.2. We have : | emdias 2P Xwa o
Hot, Ty fn G 128 096 O O3 fhlm“ LW =
[A] 096 128 0 |x10° Ib/in 5,,; (2 .{5.44)
0 0 103] | !

By treating this lannnate as an equivalent homogeneous orthotropic solid: in plane

stress, the equivalent elastic moduli can be obtained from (5.31). We have
- F — 6rrpai ko 106mei
E,=E,= 2.Ei>< 10 psi Gy = 5.2 X 10°psi -, (5 45)
_ V:cy:Vym—O75 o Mzgy T ey =0

Comparmg these moduli with those of the unidirectional compos;te we note
- a significant increase in the shear rigidity. However, this is achieved at the expense

" of the longitudinal modulus E

'Determination of G, Using‘ +45° Laminates
Consider the [+45], laminate subjected to a uniform uniaxial stress ,(=
Nz/h) = G¢ and T, = Tz = 0. It is not difficult to see that in both +45° and

B, = 205w Gev = 0.8 w(d® pE

!

— g .
e = loL{ /B g

UMW?‘-*M Y

ot - weeek b E@Mg €, i,



_ THERMAL STRESSES = . .. : 83

—45° laminae, 7 . e Lo
" Ooz = 00, a;,_\ﬂ Oay # 0 (5.46)
and that (04y)-450 = —(amy).{.,;se From the/ coordma,te tra,nsfqrn;e_tio_n for stress, we
have - LI L RS
o12 = —sinf cos 0045 + smé?l cos Bayy + (cos® 9 sin” 6) o4y (5.47)

For § = —45°, the above equa’mon ylelds

z o1z = '—'og-' T (5.48)

Under uniaxial tension, the strains in both +45° and —45° are identical and
Yz = 0. From the coordinate transfc_)rmatlon law on strains,

. 811' Qj} . Exx | . B
en ¢ =T &w ¢ - (5.49)
712-'_ it "me' :

\»
we obtain -
¥, = —2sin 9 cos 9(6,;:.; Eyy) (5.50)
In the —45° lamina, (5.50) gives .
b R A i T ,.....A.“ | QM“V“&E b.- Y_La ufu,_}g-,«(g 51)
. Cern 5&( P (, By w W A A
G12 = 12 _ -L (5.52)
In view of (5. 48) we conclude that b_/ L G
Se P Qgndnate Crusd o~ — EMY o (1 - ‘5"‘) 5 "
Ex - E}_ = 2= 2(5.7;3 Syy) 2(1 +wa) B | ‘
G ‘§

where vy = —&y/€us 18 the effective Poisson’ s ratio of the laminate.
The relation (5.53) can be used to determine Gyz from the tension test of a

[#45]s laminate specimen [5.1-5. 2]. #la oo tag” ﬁ@ma«ﬁ it ;fa.f«} § e dendn
B Q, GUED & {Lw&'\\ﬂ Ot ifm,e ’(/L/)-(_&‘f 5[466"&-} MMT& ;&MS\U\, LA

5.8 THERMAL STRESSES fével G, ‘7'

In unidirectional fiber composites, the thermal expansion is orthotropic. We denote

the linear thermal expansion coefficients (strain/°C)in the fiber and transverse di-

rections by a3 and as, respectwely The thermal strains induced by a temperature

change AT are o - :

¥ folipmin ws\wﬂv» k.
vieA ok WL W\(\ﬁf\fwj‘\ﬁ {ST}*‘*‘_‘__-_:_?

(350" P
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The mechanical strains that produce stresses are the total strams less the
| thermal strains. The stress stra,m relations for a plane stress unidirectional fiber

composite are modified to:
{o} = [Ql{e} ~ {ET}) (5.55)

in reference to the material principal axes. _
In view of (5.54), the vector of thermal expansion coefficients (o:) ‘should tra.ns—
 form identically as the strains. That is, - £ z’-V’ Wk‘\\ﬁ*m

’ 2 At =1

.3 — &t- <~: f

g o e AN S

‘ \ w = o
L=fdaty L %, O e : . ;e

‘The inverse relation of (5. 56) can rea,dﬂy be obtamed as W o9 |

";!-. _ i ;, " }

5i) 3 ol ﬁi(’ o 1= oeos 20+ apsin’f | __ i’ﬂ?" if acd

;') ﬂAsz‘“’“’ 1 Loy = m sin® @ + ag cos® @ b

!5 ?’""'9/ /:: 2{a; — arz) cos fsin g h

L Then the transformed thermal strains in the x — y coordinate system are Wy

} | H}{ } {%}MT J (558)

I:} . ::y Qfmy

- Using the plate strain displacement relations given by {(5.6), the stress strain relations

5 (5. 55) in the & — y coordinate system can be expressed as oo
Oz Qn le Qs | & | Ky ‘0 AT Ty L e

Oyy (= Q;u Q22 Qze ; 5§ +zy ky ¢ AT - (5:59)

Oy ) Qm @z Qss :z:y e ’ft_wy ) a’xyAT

Following the procedure in developmg the plate theory, we obtam the plate
constitiitive equations as

_— M) LB v Dlts ) (M)

v

{ ' where

i a,,.." o | |
=]@{%}Mm (5.61)
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(5.62)

are thermal in plane and bending loads, respectively. After performing integi*a,tion
over the laminate thickness, the expressions in (5.61) and (5.62) can be written ex-

plicitly as o _
(N7} = ATij[Q“]k{a}ktk | (5.63)
{M*} = —ATZ[Q] {a}k( —Z)  {5.63b)

For free thermal expansions, no mecha.mcal loads are apphed ie, {N} ={M} =0

We have | |
NT A | B Sl
SR QU | I S— (5.64)
L)oo ol

This particular plate deformation is denoted by

\ £oT A | B ] (NT
| {__}:[__ — __} {__} (5.65)
) | B+ b |M |

For symmetric laminates, it is not difficult to see that {M T} = {0} Thus with
[B] = [0], we obtain from (5.65) -

é 9{&.071} [A I{N’I‘} o (5.66)

L | N {KT} {0}

Th]s indicates that no out-of—plane deformatlon occurs in symmetric laminates when
they experience a uniform temperature change.

Example 5.3 Curing Stresses :
Epoxy based composite larainates are usually fabricated at elevated tempera-

tures. The composite larninate expenences a drop in temperature during the cooling

“cycle. Due to the mismatch of thermal expansmns residual stresses {curing stresses)

are often present.
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» |
- Consider a [:|:45/0/ 90], la.mmate WhOSe ply propertles are glven in Example
| . 5.2. In addition, the thermal expansion coefficients are assured to be a; = 2 x 1078

| | e/°F and ap = 15x 1078 ¢/°F. It is easy to see that

b 2] -1
I‘.J . T : 'ay o= £ ap oy
‘._'t. ' T Qgy 0o 0
4 { az} {az}
.|'} o Ay ¢ = a
e : Coy Jgpo L 0

{o.sac } - { %(a1+a2)}
oy = 3 (oa+ aw)
%y ) oyyse A Eer—ag) )

) The matrices [Q]oe, [Qlooe, [@]rase and [A] are given in Example 5.2. Using (5.63) we
! obtain . : : .

NT

:
]:> : 1.37 =

| NT L = {137 YAT b/in

) _ _

F | o).

/ Ny
y - M7} < {0} -

} In the absence of mechanical loads, {N} = {0} and {M} = {0} . It follows

55 = RPN

i | Eho= =Wy @
|> The lammar stresses are obtamed from (5 59), ie., | | __ | : |

Y Ozz E — ATa, _ 7

o ¢ =@k —AToy, - (b)
Oy )y ’mehATamy '

- To estimate the stresses in the la:mmate after curing, the temperature change
AT must first be determined. Since thermal expansion coefficients as well as efastic

J
_ }~, . ‘moduli are temperature—dependent the evaluation of curing stresses usmg the present
:‘ ?'} formulatlon is mot precise. An’ approach to this problem is to uge an eﬂ’ectwe tem—
| ‘perature drop AT. For a 350°F cure epoxy system the range of AT 1s usua.lly ta.ken
/ between —250°F a.nd —300°F. ©
|
)
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. Weuse AT = —250°F to estimate the curing stresses. The strains induced by
this temperature drop are obtained from (a) as | S

—0.77 |
{50} = { ~0.77 }x 1073

0

The corresponding thermal residual stresses are obtained from (b). We have

Oce on —4092
Tyy = a2 = - 4092 ] pSi
Tz _ | O22 - 4092
Oy ¢ = on = ¢ —4092 > psi
ny 900 0.12 éoo 0
' Ogg ' 0 |
Oyy = 0 psi
Ony ) yuo | F4092 |
711 ' ~4092 }
T93 = - 4092 _pSi
012 ) iy50 0

The curing stresses can be quite significant as compéred with the transverse strength
of the unidirectional composite.

N‘ 5.9 TAILORING OF LAMINATE THERMAL EXPANSION {O“g %f #— :j G
f’%"/ i‘,{ : One of the unique characteristics provided by composite laminates is the tailorabil-
ity of their thermal dimensions. Since many fibers such as carbon and Kevlar fibers

T - ¢ 0 . o= - -
NN possess negative thermal expansion coefficients, it is conceivable that composite struc- \
tures with near zero thermal expansions can be realized. (& Aspindo on M; “ wy flun

_ ' ol W = 'l””\"”f;) The effective laminate linear thermal expansion of a symmetric lamin inate can ﬁfi;i% efr.
a ol T be represented by the average thermal expansion coefficients defined as £ gegi yw@
1 el 1 g or Y(NT /AT [UTh =ZATfeTy N=o
- ) . a4y = —— = - AT -l . ot ,....’ o
@ = o {7} =AW :rg &G = LET AT S CATN g
S 5 .M L i h/2 - O:a,- . . 1 n . (829 ,
e A o = [4] jh2[Q] Cay o pdz=14]"1) [Q]kz oy oty (D.6T)

In deriving (5.67), (5.61%nd (5.66) have been used. From (5.67), it is evident that the |
effective laminate thermal expansion coefficients {@} depend on the lamina thermal P
expansion coefficients as well as Iaqﬁiiate stiffnesses. - ) o - &ywmﬁ.fﬁdy

\/4}4’ "{0\, Qe WOn ﬂww @Q’&a{_. (Er 7£ /JT\QJ(

. —_ e
M.LW.?_,Q&.%? \)Mﬁ-fﬁ ‘

e’ .
| _ v e &
L, Lhgen ol e e O(am%&f. o = S Haels £

g AT ; AT
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y Consider a [0/90]; laminate.  After some straightforward manipulations, we
S obtain

. A) | ) . : a:z: aﬂ o . .

: ~ where : -
] - oy = (Qu1 + Qo) + @2(Q12 + Qu2)

' G + Qa2 + 2G4

From the coordinate transformation equations for thermal expansion coeffi-
cients, (5.56) or (5.57), it is easy to verify that a material having thermal expansion
coeﬂ‘iments of the form given by (5.69) is isotropic in thermal expansion. In fact, this
is true for all cross-plied laminates with the same number of 0° and 90° plies.

To achieve an in-plane zero thermal expansion in the [0/90]s laminate, it is
/ necessary that oy = 0, which leads to the condition
Gt Q22 1+ vy
X _ et B iy * . (570)
) B, Y

o For laminates. with more than two fiber orientations, it can be shown that
) ~ quasi-isotropic laminates also possess isotropic in-plane thermal expansion, and the
) coefficient of the isotropic thermal expansion has the same expression as given in
-[. (5. 69) The proof can be carried out by noting that

(5.69)

4 ‘ . N

g . {wTary = kZ;[ [ {ahte
T ..,% ST [Q [T { ) },tk |
b o e _ _ k-1 _ Cl’:cy T

SRR - (2 [Te]k) @] o b 6.71)
) ' o ' k=1 0

where N is the number of fiber orientations in the laminate, and t = h/N is the total

thickness of all the laminae with the same fiber orientation. In the last step of (5.71),

the relation (5.56) has been used.
Using the results of (5.35) with N > 3 and Hk = kn/N, we have

| e Zcosz'ﬂk:.: £+Zc0526k _E
o - B Chm o 2 Em 2
) gsm O = ~2——Zcos2ék-5 (5.72)

k=1
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N
> cosbrsinGy = = ZstGk =0
k=1 k—l

With the above relations, one can easily verify the following

N NllO
21T 2110 (5.73)
kl_ 000

For quasi-isotropic laminates, A,;j are given by (5.40}, i.e.,

Uy Uy 0
[Al=h|Us U3 0 (5.74)
1o 0 U |

Thus, the average coefficients of thermal expansion can be expressed as

% e Jr1o o),
{ a, }=[Al‘ {v7yaTh = A1 [1 1 0}[@]{ & }5 6

000 0
which can be shown to be identical to (5.68) after performing some multiplication.

Example 5.4 Negative Thermal Expansion Coefficient

As indicated by (5.67), the effective (average) coefficients of thermal expansion
of a laminate also depend on the stiffnesses of the laminae. Consider the [1:6]s
laminates of a graphite/epoxy composite whose material constants are

L B o= 20x10%si B =_1.45x10‘°’psi-..~
Y Ghy = 10x10%si vip = 0.3 o
o = Ix107%°F . ap=20x10%°F -

The effective coefficients of thermal expansion @, and @, are computed using (5.67).
Figure 5.8 shows the variation of @, and @, as a functionof 8. It is interesting to note
that negative thermal expansmn can be produced by selecting a @ that falls within
16° and 37°. _ _
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e M]“){'L{

0 15 30 45 60 75 90 Py o S
s o canly e

Figure 5.8 Effective thermal expansion coefficients of [+£8] graphite/epoxy laminates

5.10 PLATE EQUATIONS OF MOTION (£gwsChivar agek ors. for

. “The 3-D equations of motion at any point in the laminate can be obtained from the W 3
; equations of equilibrium, (2.50), by setting the body force equal to the inertia force. |
» Using the approximate plate displacements (5.5), the equations of motion are

CEMESIE 3 sbebss T T '
T o it e S (S T 19 o ek
mi’% F LAV .}(; € 60"’3’_.[_-60—3"-"_;_609’4 : p?iqf:p(v i, ) (577) o
oc oy o MmN\ gy ) akype o

/ ot Am, f:g;&{,\g ﬁw Lo Bl

where a dot indicates time derlvatxve

From the theory of elasticity, we recall that an arbitrarily assumed stress
field may not satisfy the compatibility equations, while an arbitrarily assumed dis-
] placement field may not satisfy the equilibrium equations. Therefore, the stresses
R ‘computed from the approximate plate displacements must be handled with care. In
) view of the foregoing, the full 3-D stress components are included in deriving the
% plate equations of motion.

One of the methods used for derlvmg the plate equations of motion is the
1 integration of the 3-D equations of motion over the plate thickness. Specifically,
Y equations (5.76-5.78) are first integrated over the laminate thickness to ensure the




9
M/‘lr!/fﬂ

Q.

- "s_/Py:O

| Wk “fof (5.79) vanishes. In terms of the plate resultant forces, (5.79) can be written as

M{Lt—-n., (;SVI‘

OM+Qax CAGEY Ihﬁegratiqn‘ of (5.78) ylglas '

o %j) %'Q {,,\ww- Py .«f‘i:gw ?3”1_‘6_:6_@; -

Ma waf.

-

PLATE EQUATI®NS OF MOTION %{f
fids

global balance of forces in the z, y, anwé; zdirections, respectively. To ensure balance

of moments about z and ¥ axes, equations (5.76) and (5.77) are multiplied by z and

then integrated over the plate thicknesses, respectively. Thus, five plate equations of

motion are obtained. '

To illustrate this procedure, we now proceed to integrate (5.76) with respect

to z:

A48 Oy 0z oz

Me 777, V80 p h/2 B2 /2
. sy zT O Tz . D
f‘ ~h/2 —h/2 —h/2 -

oz

—h/2

Assume that the laminated plate is subjected to only transverse tractions on

AN=C the top and bottom surfaces; z = :£ h/2 and the third integral on the left hand side

- o R L . : T ,';
éb‘"} . D . aaNz + aéva:y _ P'ﬁvo _R? =0 i (‘l N (5.80)
Beds) 6. 444v=0 % - LAV
e | i
ﬂ\i_ . ' o S (12 A2
AR g0 | L _ . k2 “Wq_ o
A ! P = / pdz. o
o . _ —h/2 =My - o
B | Y
M = fwz ﬂy-j ol /2 : | g bfz N
iy R = f p2dz oyl Jedt
" —hp2 S
gy\y = O ,
S It is obvious that when the laminae,have the same mass density (e.g., all laminae are
| (feb e of the same composite), R vanishes automatically.
T (g aB\AY In a similar manner, (5.77) can be integrated with the result
I é -+ .y “5{"5573 ":0 aNmy aNy ' 3?130 .! )
P 24+ T =Py,—R—— = Oy (29 5.81
| f v o Sanray TV ey T _(2._._ (5.8)

v ig py w0 g -
Mo o |metaytetPme e 68
. where AR
- - o Lo R2Z e
/‘—'C‘-i}{y___'_ — N - (Qx? Q'y) = f (amz’ ayz)dz S e
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(RN (=R,
1=0wa(5 ]| ~0u| 5 | =0 —¢

'The quantities Q. and (), are the shear forces acting on the z face and y face,
respectively; g is the net applied transverse load (N/m?), and ¢* and ¢~ denote the
transverse tractions on the top and bottom surfaces, respectively.

Multiplying (5. 76) by z and mtegratmg with respect to z over the plate thick-
ness yield

/2 h/2

oM, OM,, 904, (. e |
z x Tz d _f .o _ Wo o )
Bz Ty + [ e (p“-z oz ? )dz (5.83)
R Tk ~h/2 -
Noting that 8
Gamz _ 0O(z04,) Y
0z~ 8z o
we have : ' :
/2 : h/2
3033 dz _ . ,h/z . ! d
Bz 202 = 20z, —h/2 | T gz 2
—h/2 —h/2

Since there is no in-plane shear loading on the top and bottom surfaces of the plate,
the first term on the right hand side of the above equation must vanish. Thus,

802z ., _
[ ez ==
—hjz
and (5.83) becomes 5 Y P
M, i, S
— = = 84
o B'y Qm Rii, ~ 1T e Ob (5.84)
where , L oo
hi2.
I="| pdz
1is the mass moment of inertia. _
A similar procedure on (5.77) leads to L
My aM TS S
z | =Dy gt 85
| 2 = Rip - Iay S % 6l (589)
Ehmmatmg Qx a.nd Qy from (5 82) using (5 84) and (5 85) yields
ToM, M, oM, Bii By %y azwu
92 +26 + 62 +q Pw°+R(7+3_y —I .8—$2—+ (586)

} U s s
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Equations (5.80), (5.81), and (5.86) are the plate equations of motion in terms
of the resultant forces and moments. These equations can also be expressed in plate
displacement components g, vo, and wy. From the plate constitutive relations, the
resultant forces and moments can be written in terms of the pla.te dlsplacements Up,

~ . vp, and wp a8 - e :

g Sy

’
)
{

o '6u l. z’:?u' 3 5,
x
SO O¥ps - 0. 0 321110 !
. Jin ™ e T2Bwgs s ~ Buga
‘ | D uy O ? &
32w0 0 ()
—9 _
Bae 920y By B
Ou Sug  Ovg\ b o2
Ny = i+ Ass (a—; + mé;") + Ags-@“ - Bm-é% (5.87)
: Jwe Fwy '
2Bgs 520y Basg 5y
o Sug & b} g
M, = B116—; +Bls__(§y2 -I-'%) +B'125%9 _D11 3:20
62100 7, wWp |
_2D168 oy~ P
ou Oupg = O d ?
M, = 3126—; Bas (7;;9'4'5%) 2 ;0 Dhs 6;0
62100 32?1)0
—2D26m;“ Dzz"é?f.
%, Ouy O B &w,
. Cey Mo = Bm—%+365 (6_0 +53’£) + By " — Dis— 3
g;u \1 S %X £ ) o ya2 y
Mt ¥ 1 . Wo Wo
SR ' 2D666 0 X By

Substituting the above expressions into the plate equations of motion, (5. 80), _
(5.81) and (5.86), we obtain the plate equations of motion in displacements:

o Pug O &, L oe v
Ay B 1;0 + 2A16 5 6 -+ Ags ayu P+ A Jz2  + (Aiz + AGG) 119 A%'ég
33 63 63w0 :
Bll oz 3 33166 26y (312 + 2366)6 ay2
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) (5.88a)
) a2u0 y
Alﬁ' 92 + (Aig +A66) 6;;
| 63 }/
! —B1s B3
(5.88b)
| N
_\-J | D11 e 4‘ ﬂD(_ga +2f(1)12 +2D66)a 25,2 fﬂz%/a 3 + D/z/ﬁ‘y
; TP _gp @ ou 53@ 33% Fys’
/ / A~
( bu’ . w Gu
' 1 ~(B12 + 2Bge) 5% .;J — 3B i % 6 5 — B+ a‘;js
|'} 7 e o
) ( Biiy™ auo Gl IR
. | - Ry 4PR’( i ay =T ( ot + o ) =q (5.88¢)

‘Symmetric Lammates '
For thin laminates undergomg transverse deﬂectlons the mass coupling inertia
coefficient R and the rotatory inertia 7 a,re usually neghglble and can be set equal to
zero. In addition, if the laminate possesses a symmetnc stackmg sequence, then B
= O and the equatmns of motlon are sunphﬁed to

BuB 62 3 .3‘27.60
+2A166 By +A663 3 -I-Ama >

) A
o W52

6?)0

+(Asz + AGG) + Az G Py (5.89a)

) s A 31&20 (A12+A66)6 ay +Ags 'ug

32 B Vo

621}0.
6 9 +2A266 a

+Ass oo o7 = P (5.89b)

+ Ap———
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'84‘11)9.

-3411]0 8411)0
Dy +4D163 5o 5 + 2(D1g + 2fi>ae)—~3$2 ayg -
Ay &y . _
+4D266 5y 3 + Dog—1 rYe + Pig = (5.890)

It is noted that, for symmetric laminates, the in-plane motion and the flexural

motion are uncoupled. _
For an isotropic plate, Dig = Do = 0, and

Eh®
Pu = D =D =557
Dm = vD
1-—
Dgg = —( 2;/)

and the transverse plate equatlon of motion reduc&s to the well known classical plate

equation o
Dyt w, + Piiy = ¢ (5.90)

where
' 4 — 9 49 0 4 6
V.= o 5220y i

5.11 BOUNDARY CONDITIONS

Solutions to the plate equations of equilibrium are completed by imposing proper
boundary conditions. Depending on the constraint conditions along the plate bound-
ary, either displacements and the slope or resultant forces and moments are pre-
scribed. At the plate boundary, the in plane plate displacements can be given by w,
and v, or by the normal (to the edge) component, u, and. the tangentlal component

“ug, see Fig. 5.9. Similarly, the resultant forces and moments can also be decomposed
with respect to the normal (n) and tangential (s} directions. The following boundary
conditions are written in terms of these qua.ntltles

o Simply-supported—movable in the pla:ne of the plate
Na=N=wo=M,=0 (5.91)
o Hinged-immovable in the plane of the plate '
C th=umw,= My =0 (5.92)
o nged—free in the normal direction |

N, _u,,_w.,_Mn“;b” . . (5.93)
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o Hinged-free in the tangential direction

Un= Ny =wo=My=0 (5.94)
- o Clamped o o
I u —u_.;—wo 881:): :0 B (5.95)
 Free or o N
No= N = M, = ﬂ;'“ =0 (599

The displacement components Uy and Us follow the coordmate transformation
of the components of a vector, i.e., :

Up = uocosa + vgsiney
Uy = uosma ~ vgeose: (5.97)

where o is the angle between the 2 axis and the normal dzrectlon to the boundary
contour (see Fig. 5.9).

- Figure 5.9

The resultant forces N, and N,, and the resultant moments M, and M,

“follow the coordinate transformation of the components of the stress tensor. We have

N, = N,cos’a+ Nysin’a + 2N,,sina cosa
Nps = Ngy(cos® a — sina) + (N, — Nx)sma cosa
M, = M,cos®a+ Mysin®a + 2M,,sina cosa
M,y = Mgy(cos® o — sina) 4 (M, — M, )sine cosa (5.98)

Note that in the free edge boundaxy conditions (5.96) the last condition |

OMas
ds

is used instead of M,,; = Q,rL =0. The explanatmn can be found in Timoshenko and

+Qn-0

“Woinowsky-Krieger [5.3]. -
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Example 5.5 Bending of Unsymmetrical Laminates

For unsymmetric laminates the B matrix is not null, and bendmg—extensmn
coupling exists. This example serves to illustrate such a coupling effect. .

Consider a [0/90] laminate hinged at both edges as shown in Fig. 5.10. The
laminate is subjected to a uniform transverse load g. Assume that the laminate is very
long in the y-direction such that the deformation can be approximated by cylindrical
bending, i.e., ug, vo and wy are functions of z only. For this paxtlcu}ar case, Vg 18 not
coupled w1th ug and wy and is set equal to ZeTo.

- Z
- _ . q _
[EFFTTHEFTEEHTH FFTFTRFAATER
o
. a a

..I‘
[+ > |4+

Figure 5.10 Hinged-hinged laminate under uniform transvese load

>

»!

For the [0/90] laminate we note that

Arg = Ay =0
Byy = —By1,Bip= B¢ =D =D =10
Dig = Dy=0 '

Using the above properties and the assumption of cylindrical bending, the governing
equations (5.87) reduce to

¢ 8¢
' & d®w,
Auduo Bnd 3 = 0_ (a)
' dw, _ dPup- SEPEERN e
Dyl g fu _ g

@ D ©
where B,
D D — ==
11 An
The general solution for the ordJnary differential equation given by (c) is easﬂy
obtainedas e TN
wo(x)- q 4 -}-01::: —!—Cga: +C‘33:+C'4 I (d)

24D




98 ELASTIC ANALYSIS OF COMPOSITE LAMINATES

Since the deflection should be symmetric with respect to the center, we readily con-
clude that
G =C5=0

From (5.87) we note that, for cylindrical bending,

(e)

Comparing (e) with (a), we conclude that %’%‘ 20 ond thus

N, = constant =N
This implies that the in-plane force in the laminate is uniform. From (e) we have -

d'u:g = 1 Nmo + Bu d2w0
dz Au Au dx?

Integrating the above equation and -'recognizing 4o (0) = 0 and %"_ﬂ. =0atz =0
because of symmetry, we obtain _

Bu dwy -' f(f)

, 1 0,
UO(:C) EL;N +A11 dr
. The bounda.ry conditions are
w(@) = Ou(@) =0, M) =0 (g

The moment free boundary cond1t1on can be expressed usmg the following. relat10n

duo  d,

M, = Bn iz —Dn e
& D _.E__ d*w,
An "_11 .A.u_ da?

Using the general Solutlons glven by (d) and: (f), the boundary condltzons
become ' . ‘

N° B;%q 2+231102 -0

9 a2 -0
24Da.ﬂ—a 02+C4 | 3 0

'Bll 0 ' o
2]30 = ..

AuN 2 qa® + 2 =0

= ——
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Solving the above equations, we obtain

_ ._ 3A11-D. + B%]_ 2

. c .
- 124, 0,0
o2 94
04 a 02 ———24Da

B
NO — : _ 1t 2
T . 231102 -——6an

With these determined coefficients, the deflection is obtained from (d) as

9 2.2 2
24D " 12440uD © ("~ )

wo(T) =

The maximum deflection occurs at z = 0.

qa4 3A11.D + Bll a4

Wolmas = —55 12A;, DD
5 B}
— at h)
[241)11 24Dy (D Ay — Bh) | 2 B

The constant in plane force can be simplified and expressed as

B
o_ 213z . .
Ny =3p e . @)

It is obvious from (h) that extension-bending coupling increases the deflection and
thus reduces the effective bending stiffness of the laminate Also note that increasing

" bending stiffness Dy; has the same effect as reducing extension-bending coupling.

It is interesting to note from (i} that the in-plane force N, is proportlonal to Bi1.

For [0/90], By is negative, and for [90/0], By is positive . Thus, for a positive
(g > 0) load, the [0/90] laminate would be under in-plane compression, while the
[90/0] laminate would be under in-plane tension. Further discussion on bending of
unsymmetric laminates is given in Chapter 7.

512 MINDLIN PLATE THEORY

‘In the previous sections, classical plate theory (CPT) was developed based on two
term displacement expansions given by (5.2). In addition, the transverse shear de-
formations -, and 7,, were suppressed. As a consequence, rotations 1, and 1, are
equal to the slopes —8wg/8x and —dwy/y, respectively, and only three independent
kinematic variables ug, vo and wy remain. '

For laminates composed of fiber composites, the in-plane rigidity is usually
much greater than the transverse shear rigidity, and neglecting the transverse shear
deformation may result in appreciable errors, especially when the plate thickness
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- is not small (to be discussed later) as compared to the charactenstlc length (wave
length). of deformation. A more accurate plate theory can be developed by allow-

-ing transverse shear strains -, and v,, and considering g, vo, W, ¥ and P, as
independent kinematic variables.. Such an approach was used by Mindlin [5. 4] to
develop a shear-deformable theory for plates of isotropic materials. A similar theory
was developed by Reissner [5.5]. Later, several authors [5.6-5.7] extended Mindlin’s
theory to composite laminates. The governing equations of the Mindlin plate theory
for composite laminates can be derived in exactly the same manner as discussed in

- the previous sections. Results for the isothermal case are summarized as follows.

Plate Constitutive Equations .
In-plane forces and bending moments:

N A ] B1f eV
N QY (S B (5.99)
M B D K
where -
oo, _ow o
2 9z’ v 9y’ Yoy Oy Oz
My L O _ N | Oy (5.100)

e = B oy = oy’ _:.mxy_ay Oz
The resultant forces N, N,, N,,, the bending moments M., M, M,,, and A,
B, D mafrices are the same as in clasmcal plate theory _
Transverse shear forces: :

@y Ay Ag Vos :
: &l g (e
Q- A Ass | 72, S
where N S o :
o Y% oA EF0 : 5.102
"Y,yz ay ‘['%bfg 1 Yaz oz +l¢$ ( )

are the transverse shear strains (assumed constant over the plate thickness) in the
y — z and z — z planes, respectwely, k is a shear correction coefficient introduced to
compensate for the error resulting from the constant shear strain assumption; and
Ai; (i,5= 4,5) are the plate transverse shear stiffnesses defined as

g .
Ay = f“céjdz g =45 (5.103)
—h{2 : .

In (5.104), C;; are the tra.nsfoxmed elastlc constants in reference o the a:—y—z coordi-
nate system. -« : SRR R SRR
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- For plates of isotropic materials, various ways were suggested to determine the
value of the shear correction coefficient k. Basically, k was chosen to match certain
exact elasticity solutions. For example, Mindlin [5.4] matched the plate solution with
the exact elasticity solution for the natural frequency of the first antisymmetric mode
of thickness shear vibration (such as ¥, = €%, ¢, = wp = 0) and obtained
k = m*/12: On the other hand, Reissner [5.5] obtained k = 5 /6 based on consideration
of the exact transverse shear stress distribution. For general composite laminates with
many possibilities of different stacking sequences, the above methods cannot yield a
unique value of k. Based on a numerical study of some laminates,” Whitney and
Pagano [5.7] found that k = 5/6 was suitable for composﬂ:e plates.

Equations of Motion :
In terms of resultant forces and bendmg morments, the plate equatlons of
motion are given by :

-

ON, , 0Ny

Oz 8y Plo + Ry,
ONgy ON, s
Oz + oy Pao + By,
: = P :
| oz + — 3y —}—q _ Wo . (5 104)
9K +-Bi/'r—.—Qm‘ = Rilp + I,
Oz - A
oM, BM . -
0z o T —Qy = Rio+Iy,

Substitution of the plate cbns_titutive equations (5.100—5.102) in (5.104) yields the
displacement equations of motion.

62 62 32 U{) 6 'Uo

Anm 2+ 2A 2o T4 + A Ovy

Oz0y

(Alz + Aeg)

32'%
0z?

Sy | O,
+Bu B2

62 2
Py ¢m+B >4,

8 8z0y 8y

+ Bm

+A26 + 231

621,[;y

2
+(B12 + Bes) Oy + Bas— 5 = Plio — Ri);

Ozdy

8%y . 8%y 62u 6 ) By
B2 —]— (A12 + AGG) + A25 0 + AGG 0 + 240 BIL’B(; -

AIS 6?; Hx2
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0wy 0%, x% Py,

+Asp—— By > + Big 52 + (Bua+ Bes ) st@may
&% 4 & .
66?2'? + Bzﬁama; + By 69;" = Pt + Ry,

o wy\ 3 \
kA55( i”.+ ;UU)-+kA45( ¢“+ %+2 w”)

é; 0x? dy Oz Ozdy
O, | 0w - o
+kAsq (79;” + o ) +.¢ = Py _ (5.105)
Pu g 0%y, oY o
Bu—- ——+ 2By By > + By By; + B~ 63:20 + (Bl2 + Bﬁﬁ) B26 61]20..
P, %y, 62 2 %
. _:-E_-Dn 31!; -+ 2D163 lg +D 66— a%bz +D16 a’l,bzy + (D12 + Dss) 1'%
+Dag a"bz kA (¢ + % ) kA (¢y+—3—) Riig + I,
&%y By & %y vy
Bma 2 +(312+Bes) +stay +Bssaif+232aa By +3228v20
o By, & 8*
+Dis 31'2 + (D12 + Dﬁﬁ) + Dog 61102 + Deg 6;4% + 2Dz 5= Tg;
+Dsgy ¢ — kA45 P, + O kA44 TP =+ w = R, + I,
dy? Oz & )

Boundary Conditions
For simplicity, consider the edge parallel to the y-axis. Various boundary
conditions associated with the Mindlin plate theory are gwen as fo]lows
o Slmply—supported—movable in the plane of the plate '

- N : N:r:y : wﬂ“z. Maﬁ—:z Mm‘y =0 (5‘106)
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o Hinged-immovable in the plane of the plate
wy=vo=twp= M, =My =0 (5.107)
) Hinged—t’ree in the normal direction
Ne=wvo=wy=M, = M, =0 (5.108)

o Hinged- free in the’ tangentlal direction

1ty = Nmy =wp = M, = Mmy = 0 (5.109)
o Clamped I
Ug = Up “—""f.Ug = ’Qbm = ’l,b,y =0 (5.110)
o Free . '
' Ny =Ny =M, = Mmy Qs = O (5.111)

Example 5.6 Cylindrical Bending

Consider a symmetric cross ply laminate [0/90]; with a span L in the z-
direction and infinite in the y-direction. The static transverse loading q is a function
of z only, and the edges are uniformly supported in the y-direction. In addition, a
state of plane strain is assumed so that vy = v, = 0. Thus, the plate displacements
and rotations must be functions of x only, and the deflected surface is cylindrical. For
the symmetric cross ply laminate, we have: -

B;=0 , Arg = Agg = Ags = Dig = Dyg =0 (a)

Thus, the in-plane displacements u, and v, are uncoupled from w,, 1, and 1. If the
edges (z = 0,L) are simply supported, it can be shown that 4y = 0. The equilibrium
equations (5.105) then reduce to

a (0, P -
. ks ( o 6 ) +g=0 , (b)
&2 _
_Dn 1'0 — kdss ( ) - - (c)
The boundary conditionf; are N
| '-'wo¥M~0 at x—OL : . (d) |

Consu:ler the tra.nsverse loadmg of the form |

o -, TX i
Lo4=@sing _ (e)
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Assume the following solutions

w0
Yo=Beos— " | - (g)

which satisfy the boundary conditions (d). Substltutmg (f) and (g) mto (b) and (c)
yields

(kA55 )A+(k:A55 )B . _
(kdssT)A+(Du T +kA55)B 0w
Solving the above equations for A and B, we have
I'qp | I -

A= 7’r4D11 + WzkA55

7T3D11 : : S _

The maximum deflection occurs at z = L/2 and is given by o

(wp)maw = (’w[])ma.::: + 2,? A5_5__ (J)

where

Liqq
, ———
(w(])m:n - 7['4D11

is the maximum deflection according to classical plate theory The second term on the
right hand side of (j} is the additional deflection due to transverse shea:c deformation.
Con81der the ratio
(wo)mtw e 2-Dll :

k
( )mam k =1 Dkde szASS : : ( )
For the [0/ 90] laminate, it can easily be shown that

_(G13 + 923) o D11 = —(7Q11 + Q22)
Thus, (k) can be wr1tten as

(Wo)maz _ ,  T*(A/LY(TQu + Qa2) |
| -(wg)m;z”'b""'li__h""48k(G13”+(’;2'3)12:2'..-_; (M
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E E.
Gu = 1—1 ) Que=——"— and Ewn = By,
— Vi12¥91 o
Note that as wg ~— wy as h/L — 0.
In the numerical example, three material systems with different degrees of

~ anisotropy are considered. The value of k is taken as 5/6.

material system 1:

Ey Gz Gos _

5 =10, =06, =04, vp=02
material system 2: . -

Ey Gi3 Gy o

— =1 — =06 — =04 = 0.2

E, ° Ey T By ) a2 |
material system 3 (isotropic material):

E, Gz Gas _

Bl B =04, =04, vp=025

Figure 5.11 presents the ratio (Wo)maz/ (Wg)maes 8 & function of k/L for the
~ three material systems. It is evident that the effect of transverse shear deformation
on deflection is enhanced by a greater ratio between the in-plane stiffness and the
transverse shear stiffness of the composite. -

S5
4 I
1 E_\---........‘..::.'..'..;'..'_‘..‘."'.:;.-“- FAREIAAAAARRARRS o |
o :..-..l....|.L..1._,;'.1'-..:,.1.-,“
0o 5 10 15 20 25 30

| .. Lh
* Figure 5.11 Maximum deflection of [0/90]s laminates of three material systems



108 ELASTIC ANALYSIS OF COMPOSITE EAMINATES

o | e\

under cylindrical bending -
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_ Problems

5 1 Compute the A B, D matrices for [02 /902] [902/05], [0/90/0/90], and [0/90],
~ laminates. Summanze the cha.ra.ctenstlcs of these matrlces The moduh of the
-~ composite are - . - : : NS \

/ Ey, =140GPa, Ey = IOGPa G2 = TGPa, v = 0.3, ply thlckness = 0.127mm

5.2 Cons1der the [04 /902] [90,,/0,], and [0/90], lamma.tes in Prob 5.1. Find the_
‘ ._/Anplane strains and curvatures produced by uniaxial loading N, = 5000N/m. <
i, : Compare the deformed shapes of [02/90,] and [902/05] laminates. If the laminate

3 e

/ T m—plane stlffness in the z— dJrectlon is defined as
I K,= Aﬁ”
‘_ o _ .. e £D

N L7 which la:rmnate among’ the three has the h1ghest 1n~p1ane stleness‘?
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5.3 Find the bending moments that are needed. to suppress -out-of-plane deflection
in the [02/90,] laminate (see Prob. 5.1 for composite propertles) subjected to
a uniaxial load N, = 5000N/m and N, = N, = 0. :

5.4,--:C01:15ider a [+45], laminate. If the constituent composite material is highly
anisotropic, ie., e
Ej[ >> E2 and E]_ >> Gl2'

show that the effective engineering moduli for the la.rmnate can be expressed
: appromma,tely as, - : :

B, ~ 4@66 o~ 4G
~ @u B
Goy o ol
o @un—4Qe By —4Gp

Vg o ~~
YT @ut4Qes By +4G1

Compare these approximate values with the exact values for AS4/3501-6 g‘ra.phlte /epoxy

composite.

5 5 Denve approxmate expresmons for the eﬂectlve engmeermg moduli for the lam-
mates [0/90]; and [0/90/ =+ 45],.

- Compare the in-plane longitudinal stlffnesses in the z—direction for [:I:30/D]s
-and [302/0], laminates of AS4/3501 6 graphite/epoxy composite. Which is
stlﬁer'?

ﬁ Plot the effective moduli E,, Gay, and v,, versus 6 for the angle-ply laminate
 [14],s of AS4/3501-6 graphite/epoxy composite.

Az

Find the shear strains (Vzy) in the AS4/3501 — 6 graphite/gpoxy composite

[£45], and [0/90], laminstes subjected to the shear loading }f oy = = 1000N/m;

Also find the la,mma stresses 11, 022, and 0'12“\If the maximum shear strength
of the composite is |crm] = 100M Pa, what are the shear loads (N,,) the two
la:rmnates can ca;rry‘? _

5.9 Use AT = —150°C to estimate the curing stresses in the [0/90], laminates of
~ the following two composite matena]s '

AS4/3501—6 graphlte/epoxy E1 = 14OGPa E2 = IOGPa, Gy =T7GPa

vig = 0.3, 1 = ~1 X 1075/°C, ap =26 x 10°/°C

S glass/epoxy: . Ey = 45GPa, F; = 9GP, G12 = 45GPa

/
/

12 =03,a1=5x 10':“6/90, g = 20 X 10_6/°C
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‘. @A [0/90/0] larmna.te of A54/3501-6graphite/epoxy composite is confined in the

0° direction. (i.e., ) =0) but free to expand (or contract) in the.90° direction
(ie.,, N, =0). Fmd the la.mma stresses for AT = ~100°C. T

: Ul A [0/90], laminate of AS4/3501 6 composite is fixed on all sides, Find. the

reaction forces N ‘and N and the lamina stresses for AT = —100°€.

e

: Due to the presence of curmg stresses, the [0/90] 1armnate would warp after
curing: If the laminate is constrained so the 7% = Ky = 0 but x; # 0, find the
" curvature fig. after curmg Assume AT = -150°C The composﬂ:e is AS4/ 3501-

6.

9.14 Fmd the mechamca,l stresses Um, ayy, and Oy that are needed to- cancel the
thermal strains induced by a temperature rise AT in [0 ] and [451 __composﬂ;e
panels. : .

A [0/90] unsymmetnc crossply lammate is subjected to the 1n—plane Ioads N
N (see Fig. 5. 12) The plate is simply supported along z = ka. Assume that
 the laminate is very long in the y—direction (so that vy = 0, Iﬁy = 0} Find the
transverse deflection wg(z) i in terms of 4, B, D matrices. '

B
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STRENGTH CRITERIA FOR COMPOSITES

~ As discussed in the previous chapters, the anisotropic property of composite materials
leads to different stiffnesses in different loading directions. In the same manner, the
ultimate load a composite can carry also depends on the fiber orientatiort. Unlike
the elastic moduli for which the values at different orientations can be obtained from

. the coordinate transformation law for elastic constants, no such transformatlon law
exists for strengths of composites.

The strength theories to be discussed in this chapter essentially follow the
path of continuum plasticity. The advantages of such theories are their simplicity
and the use of elasticity results. The approach is particularly useful to structural
designers who must know the load-carrying capacity of a composite material subjected
to a complex state of stress. All these theories try to predict the strength of a
unidirectional lamina or a laminate based upon the three basic strengths X, Y, S of
a lamina loaded along the fiber direction, transverse to the fiber-direction, and under
in-plane shear, respectively.

6.1 Failure Criteria for a Lamina ( s W“—&i\)

There exist a few theories for the prediction of the strength of unidirectional composite
materials. These are basically phenomenological theories in which detailed failure
processes are not described. Further, they are all based on linear elastic analysis.

Maximum Stress Criterion ( wo ATkan e e Nlans
et X be the maximum tensile stress that the lamina can take in the z--direction
(fiber direction), Y be that in the z,-direction (transverse to the fiber), and S be the
‘in-plane shear strength. Since the compressive strengths in composite materials are
usually different from the tensile strengths, X’ and Y’ will be used to denote the
compressive strengths.
Maximum stress theory states that a lamina fails if a state of stress (o131, o2,

o12) is.produced by an applied load such that ‘
on > X [Feile i an L (6.1)
uU-M‘(}f‘ln—_\

o >Y ' (6.2)

or
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lo12] = S (6.3)

If the normal stresses are compressive, then the conditions given by (6.1) and (6.2)
are replaced by
a1 SX d (64)

Oo9 < Y’ (65)

respectively. Note that X’ and Y’ are negative values.

The maximum stress theory as given by (6.1-6.3) implies that three 1nde—
pendent failure modes are assumed and each mode is governed by a single stress
component.

Maximum Strain Criterion -

If, instead of the maximum stresses, the maximum strains are reglstered at
the pomts of failure of a lamina, a criterion similar to the maximum stress theory can
be established. Specifically, a state of deformation would canse failure of a lamina if
any of the followmg inequalities is satlsﬁed '

SRR .
e > XE Leanatan (6.6)
€22 2> Y, (6.7)
|"12| = S (6.8)

when X, Y, , and S, are the ultimate tensile strains in the z;- and zo-directions,
and the maximum shear strain in the z;-z2 plane, respectively. Again, to account for
different compressive strengths, (6.6) and (6.7) should be replaced by

e < -X; Wip’wﬁi-%mﬂ“\ (6-9)
€29 = < Y, : ,. - ' (6 10)

respectively, where X' and ¥’e are the ultimate compressive strains (negative values).
Ifa composite matena.l behaves hnea,rly elastlc up to faﬂure as shown in Flg 6:1,

o X . Y 8.
N ° Xez-—,}’;:—, ¢ = —
bl o S =g

' then

B ——
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Fig. 6.1 Longitudinal strength in linear composite

However, actual stress-strain curves for a composite usually exhibit some nonlinearity,
especially the in-plane shear deformation as shown in Fig. 6.2. It is obvious that -
| _ L 5 | y g _ o :
X~ — Y. > Se > —
W N,ﬁ\ ?rf"“jeﬁr-g E] : E G12

a»f'@mﬁ;t

m___......__...._........_ -
k 2 :

=<

N . !

e

Fig. 6.2 Nonlinear stress_ and strain relation in shear

Thus, using the measured strength S and that obtained from the measured strain
Se, namely GiaS, the maximum stress criterion will predict different results. In
general, the maximum stress and the maximum strain criteria yield different results
for strength predictions even if linear. stress—stram relations are imposed and the
relations of (6.11) are assumed true.
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i One of the obvious weaknesses of the maximum stress and maximum strain
criteria is the fact that they disregard the combined effects of stress on failure. Such
practice may lead to unconservative strength predictions when multi-axial stresses or
strains are present. The failure criteria discussed in the following provide the remedy
for this deficiency.

: 2) Hill-Tsai Criterion  (SUe#  nliaction)  fould cilore fo oMslaopr "’”‘”m’”‘"@

.- For isotropic materials, a popular yield criterion is the von Mises yield crlterlon
which states that yielding of a material begins when the distortion energy density
equals the distortion energy density at yield in simple tension. The distortion energy

theory is the assumption that yielding is due solely to shear deformation and that
pure dilation (a volume change) such as deformatlon due to a hydrostatic pressure
. would not produce yielding.

i Hill [6.1] extended von Mises’ isotropic yleld criterion to account for orthotropy
; of some materials. He obtained a yield criterion in the form '

is the total strain energy density less the dilational strain energy. Inherent in the-

f - h{' MM/!
Lol s @w&ﬁ
‘—‘ o E
J-g \/ [Y F(G’gg—-d’gg) '-i—G 0'33—0'11) +H(0'11_0'22)2+2L0'23 +2MJ31 +2N012 == 1 (6 12)
[’J a d&mﬁ/‘. T — e e kot i i i b b
ii:, The coefﬁc1ents F,G,H LM, and N are to be determmed from the yielding behav-
r _ ior.
- - Tsai [6.2] used the expression (6. 12) as a failure criterion for unidirectional
composites by reinterpreting yield stresses as failure-stresses. In so doing, the coefli-
cients F, G, H,L, M, and N are determined from tests of the longitudinal strengths in
the three material principal directions and the shear strengths in the three orthogonal
planes of symmetry Six equatlons result, i.e., :
1 11 & -
o g Bt OF = e f — e — | -
U b yeld i St "3»1
l'ff: T . ’ . W\r’u
o Drgloraon WW %—% "o ro1 o1 -
L auhrat WJ;_ EEETxeTy . T

R e i

A m@vaﬁf W

| 11 1
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) in which X, Y, Z are the uniaxial tensile strengths in the material’s principal direc-

tions z1, z2, and z3, respectively, and Ss3, Su, Si2 are the shear strengths in the z,-
Z3, T3 - Z1, and z; - T9 planes, respectively. -

For a lamina of unidirectionally fiber-reinforced composite in a state of plane
stress pa.rallel to the z; - 23 plane, the yield criterion given by (6.12) reduces to

(G + H)ol — 2Hay09 + (F + H)cr22 +2No%, =1 (6.14)

If, in addition, we assume that the composite is transversely isotropic, ie.,
Y = Z, then the Cnterlon 1S fm}fl_her simplified to

e 2 A
co 011 Ta2 011 ] a12\? '
Ju S22 ity T2 =) =1
IL(X) (F RG] e,
where S = S;2. This is the so-called Hill-Tsai failure criterios cmtenon,wﬁ o Lot bz
In Hill’s original yield criterion, tensile and compressive yield propertles were
assumed the same. For fiber composites, the tensile strength may be significantly
different from the compressive strength. The strength criterion given by (6.15) can
be used in the four quadrants formed by the normal stresses with the proper strengths
values. For example, in the third quadrant where ¢1; and o32 are both negative, X’
and Y’ are to be used in place of X and Y, respectively, in the failure criterion..

Tsai-Wu Criterion
A general stress failure criterion can be expressed in the form

.6 (6.16)

Since strength is an mherent fﬁatena.l property, the failure criterion must be
invariant with respect to the choice of coordinate systems. An explicit form which
satisfies this requirement was proposed by Tsai and Wu [6.3] as

Fo; + o0 + Fjpo00, + ... =1 Ftc"“yl‘m w@e (6.17)
%rl On
where F;, Fy;, ..., etc., are material parameters. In (6.17) the summation J(J::;P;E;éIli:1on

over repeated mdlces is used.
To ensure the said invariant property, each term in (6.17) must be a scalar.
When the stress components o; are viewed as a second order tensor, then according

oo~ SR o RS S SR
RRTIT R 3 Yo

.e
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to the quotient rule, the six independent components F; can also be expanded to

“form a second order tensor. By the same token, F,;; can be expanded to form a 4th

order tensor. The tensorial properties of the expanded forms F;, F;; ... provide the
coordinate transformation laws for the material constants F;, Fy; ..., .- RN
For orthotropic materials, it is more convenient to work with the coordinates
which are parallel to the material principal directions, x;, x, and x3. With respect to
this particular coordinate system, extension and shear are uncoupled. By using the

~ physical argument that strength should not depend on the sign of the shear stresses,

04, 05, and g, the following conditions are obtained from (6.17),
Fy=F=F=0 (6.18)
in linear stress terms, and

Fiy = Fi=Fe=0

= Py =F5=0 ' (6.19)
Fyu = Fy=Fi=0 |
Py = F46=F56?O o

z
|

in quadra.tlc terms: Sumla.r conditions on the higher order coefficients can be obtamed

Tf we retain the linear and quadratic terms in (6.17), the faalure criterion is
given explicitly as :

Fioy + Fooq + Fyo3 + Fuaf -+ Fzgo'g + F330'g —+ 2F120‘10'2
+2Fp30003 + 2F130103 ++ Fuog + Fisof + Fﬁﬁag =1 (620)

If a state of plane stress parallel to the z; - 3 pla:ae emsts, ie., 03 =04 =05
= {), then the failure criterion further reduces to

F101 + Fp03 + Fuol + _ngag +2F190103 + Foeog =1 (6.21)

Thus, six material constants are to be determined in order to complete the failure

‘criterion ." This task can be carried out in part by performing simple tension, com-

pression, and shear tests up to-the failure: pomt Usmg these test results and (6. 21)
we obtain

11 11
=t = B —a
n=xtx 2Ty ty
”,'_-Fn.:”“'l __F. -1 F 1 622)

XX 2T yyr :5'12
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~ The remaining constant F;2 can be determined only from a state of stress in: which

both ¢, and ¢4 are present. Such a state can easily be produced by an off-axis test.
Let o, be the ultimate stress for a unidirectional composite in plane stress under
off-axis loading. The stresses referred to the material principal axes are

p"( —»Fg-—{:“‘ N : 1 R
Fov o oo = 0= -éau(l + cos20)
le' ° e Toa. = 02 = =0,(l = cos28)
(ec =0 - 2 i L _ o
Grapd. .-y;,-‘LM Jip = 00— —§Uu8'in29) (623)

TR« RN < &y
Substituting (6.23) into (6.21), we obtain

2Fy, = [4—2R0,(l+ cos20) — 2Fy0,(l — cos26)
—F1102(1 + ¢0820)* — FagoZ(1 — cos26)? (6.24)
—Fys02 sin® 20)/o2(1 — cos? 26)

At first glance the expression given by (6.24) suggests that Fy» depends on the angle 8.
Since Fys is presumably a material constant and should not vary with @, its invarience
is expected to be achieved by the compensating effect of the §—dependent ¢.,. It has
been found that the fa.llure crlterlon is not sensﬂ:we to the value of Flg, and it is
suggested to set

1

Fo=ox%

Hence, the tensor polynomial criterion given by (6.21) reduces to the Hill-Tsai crite-
rion if X = — X’ is assumed.

If, as in Hill’s yield criterion, the tensﬂe strengths are assumed to be the same as the
compresswe strengths ie., :

X=-XY=-Y Z=-2 - (6.25)

then the linear terms in (6.20) drop out. The Hill’s yield criterion can be deduced
from this resulting equation by further requiring that the criterion is independent of
hydrostatic pressure o, = 1/3(c1 + 02 + 03). This condition states that .

or, by using the chain rule,
a Lo : 60‘3 .
(Rjgtgj)a B "2( 504 .?)3 '3_(-&10103)30,? =0 - (627)

Fy = Fc . Feee




116 STRENGTH CRITERIA FOR COMPOSITES

* The: result is

(Fu +F12 + Fiz)oq + (F12 + Fop + an)az +. (F13 + F23 + F33)03 (6.28)

Since this condition must hold for arbltrary stresses, it requires that

P+ Fs+Fs =0 | :
Fio+Fop+Fy = 0 - (6.29)
f Fia+Fy+F = 0

From these equations, the 'coefﬁcients.associated with the cross-product terms can be
expressed as _

3 2Fg = Fa3—Fy — Fas

: 2F3 = Fzz—Fn"Faa

{ With COHthlOI}S given by (6 25) and (6 29) 1t is qwte stralghtforward to show
J tha.t

{} 5{, x' r‘;_[-eys : By =~'X—'2,F2 Yz,Fas 7z Fio = Z—;cxf - "o
SR> _ 1 1 1 |

C F" ~ j>F "5 Ty Sz, Fos = g&“"F% G Yo, - (6.31)
[ A

and that Tsai-Wu criterion reduces to Hill’s. yleld’cntenon for orthotropic materials.

y Separate Mode Criterion ( poali Loiluna } Foe

: There are two major modes of failure in unidirectional fiber composites, i.e.,

fiber breakage and matrix cracking. The failure condition for each mode is governed
by the individual state of stress in the fiber and matrix, rmpectwely If Hill-Tsai or
T'sai-Wu failure criterion is used, these two modes cannot be distinguished. Usually,
‘the la.rgest ratio among o, /X 092/ Y, and 022/ S is used to identify the assomatecl

<. fajlure mode.

a ' Consider failures of the fiber and matrix separately. Usmg a quadratlc form

in stress, similar to the Hill’s criterion, as the fallure cntenon for the ﬁber we ha.ve

Frloen ée’m‘ S 2 2 2 2, 5.2

- ot bouon : 2{_1 - 0{1 ' '052 4 0_52 + fir%-""_‘-l T (6.32)
sl T A T\ X)) T\%) T\E) T

o - N e i

when 0'{1 are the stresses in the ﬁber and Xy, Yy, and Sy are the ma;or strengths
: in the fiber From the simple micromechanical model discussed in Section 3.3, it is
' seen that 022 and o, are approximately the same as the corresponding stresses in the

. } G‘ -
A 7 ;"_‘l__ - \ Mmbﬂ--
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matrix. Thus, o}, and of; cannot be raised to a significant level as compared with
Y; and Sy without causing matrix failure. In view of this, (6.32) can be simplified to

O

Since of; is proportional to the composite stress o4y, (6.33) suggests the suitable
failure criterion for fiber breakage as _
()= e 020
or :
J11

———lfo tensio
X 1 101N

and
' g11

> = 1 for conipressibn
where X and X’ are the iongltudma.l tensﬂe and compresswe strengths of the com-
posite, respectively.

A quadratic polynomial in stress similar to (6.32) can be assumed to predict
failure of the matrix. If we assume that o7} is small (since the fiber takes the load in

proportion to its Young’s modulus), then the failure criterion reduces to

m -~ 2 m 2 :
(Ym) + ( Sm) 1 (6.35)

 This leads to the criterion for matrix failure in the unidirectional composite as

In this form, the transverse strength Y a.nd the shear strength S of the composite

' miay include the interfacial failure between the fiber and matrix.

The failure crlterlon glven by (6 34) and (6.36) was proposed by Hashin and

Rotem [6.4].

6.2 Analysxs of Lamina Strength

When loading is uniaxial and is applied along one of the material principal axes, the
use of the failure criteria discussed in the previous section becomes trivial. We now
consider a panel of unidirectional fiber composite under off- a,ms loadmgs as shown in .

Flg 6 3 The state of stress in the panel is

-:.O'w-'n = 0oy Oy = Oy =0
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- where og can be either positive (tensile) or negative (compressive). Corresponding to
this state of stress, the stress components referred to the :c1 - Ty system are obtained

- by coordlnate transforma.tmn as’

='.:.00cb32.€._.:_1 T

oo5in’8 (6.37)
=" —g,8indcos @

Co

by

1

//

%

Flg 6.3 Coordmate system for off- a;ms composite. paneI

" The correspondmg strains are |
o ' €i_1 = E-l- (cosze --v'1zzsin2-9) : o
S e = Ze (sh129—1/2100526)' e (6.38)
| 712‘ | G12 sin .cc.)s s |
The uma.:ual strength i8 the sma]l&;t value among the. fo]lowmg three :
= Xjess |
Y/sin% O (639)
Ty = S/smﬂcosﬂ :

Oo

1f the ma:mmum stress c'mtemon is used

If the mazimum stress criterion is used then the umaxlal strength is deter—
Imned by the smallest of the following
0o = XcEyi/(cos’d — vigsin®0) R RS
G, = Y.Bof(sin®0—vmeos?) . (6.40)
0o = SGhgfsinbeos@ - .
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It should be noted that then the compressive strengths X', Y”, and X[, ¥/ must be
used to replace X, Y, and X,, Y.. respectively, if a compression load is applied.
The prediction of the uniaxial strength of the panel wsing the Hill-Tsai cri-
terion can be obtained by substituting the stresses given by (6.37) into (6.15). The
maximum uniaxial strength is found to satisfy the following equation
1

1 1 1
—5 = 3 008 40 -+ (-S—z — —)?5) cos*0sin’60 + %sm ) (6.41)

In general, these three criteria lead to somewhat different strength predictions.

6.3 Elementary Streng‘th_Analysis of L_aniinates '

The failure mechanisms and modes in laminated composites are much more complex
than those in the unidirectional composite. In the laminate, the laminar failure
usually does not imply total failure of the laminate as the rest of the laminae may
be able to sustain higher loads. Due to the constraining effect from the adjacent
laminae, the in situ lamina strength in the laminate could be substantially higher
than that measured in unidirectional composites. In addition, failure modes such
as delamination may occur in laminates which often require three-dimensional stress
analysis rather than the laminated plate theory discussed in Chapter 5.

The analysis of laminate strength presented in this section is basically a lam-
inar failure analysis in conjunction with laminate stiffness reduction due to laminar
failure, The procedure is quite straightforward and, to a certain extent, arbitrary.
Two major modes of failure are assumed, i.e., the fiber mode and the matrix mode.

- The former is signified by fiber breakage; the latter, by matrix cracking. The mode

of failure can be identified easily if the maximum stress criterion and the maximum
strain criterion are used. For example, when the failure condition is satisfied by
o11 > X, then it is a fiber failure mode; otherwise, it would be a matrix failure
mode. When the Hill-Tsai or Tsai-Wu criterion is employed, the mode of failure is

identified by ‘comparing the ratios o17/X, 022/Y, and 012/S and assuming that the

stress that produces the highest ratio causes the failure.
For a given load, the stresses in each lamina are first calculated and examined

with a chosen laminar failure criterion . After a lamina is found to have failed, the
laminar properties are modified to reflect the mode of failure. There are several ways

to modify the laminar stiffnesses, each of which has a certain degree of arbitrariness .
The amount of stiffness reduction is still an open:question. The followmg are several
methods commonly used in this type of lammate strength predlctlon

| Parallel Spring Model

A simplistic model for accounting for laminate stiffness reduction due to pro-
gressive ply failure is the parallel spring model as shown in Fig. 6.4. Each spring
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- set represents a lamina which consists of two parallel springs representing the fiber
(longitudinal) and matrix (transverse and shear) deformation modes. “When fiber
breakage mode occurs, By is reduced to zefo (or to any designated value). On the

:o@d; B, and Glg__gge reduced if failure is in the matrix. . m\‘“
— B
M )
(E2 G2

1) () =
gD Si)f .

. 2: 2 LT .
Fig. 6.4 Parallel sprirg model

Under monotonic loading, this model yields a stress-strain curve as shown in
Fig. 6.5 . Since ply failure is assumed to take place suddenly, there is a jurnp in strain
at each stress level corresponding to a ply failure." After a ply failure, the laminate
stiffness is reduced and the subsequent loading will follow the path determined by.
the new laminate stiffness. _ S

4 % Laminate Failure
* Ply Failure
ol -
. w ) ,I
] g
o L
= e
0 S | .
,;',,'f_’ ---- Presumed Unloading
/"~ —— Loading Path
~ STRAIN .

Fig. 6.5 Schematic failure process in laminates according to parallel spring model

‘ It is important to note that, after the first ply failure, the loading path is
- goverried by the current stiffness (see the dashed lines in Fig. 6.5). Thus, between
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two ply failure events, the laminate stress-strain relation is linear, although the entire

- progressive failure process may produce a highly nonlinear stress-strain relatlon This

greatly simplifies the progressive failure analysis in a laminate. :

In reality, one seldom observes distinct jumps in strain as illustrated in Fig.
6.5. The post first-ply failure stress-strain curve appears more or less smooth. This
does not necessarily rule out the scenario given by the parallel spring model. Ex-
perimental results have shown that matrix cracking in a larnina of a laminate is a
stochastic process, and it never occurs completely and at the same time as assumed
by the strength model. In fact, the matrix crack density increases gradually as the
load increases. Figure 6.6 is a schematic illustration of the matrix cracking process
associated with a single failure mode in a lamina This staircase type response may
appear as a smooth curve in the global scale when the jumps are small and numerous.

~Second Ply Failure

Progressive
First Ply Failure -

Stress | Al

Strain
Fig. 6.6 Schematic progressive failure in the ply that fails first

The following example illustrates the procedure inlaminate strength prediction
using the parallel spring model. The st1ffnasses correspondmg to a failure mode are
reduced to zero once it occurs.

Example 6.1 Strength analysis of [+45/0/90], laminate

Consider a [+45/0/90], graphite/epoxy laminate under simple tension N..
The laminar propertles are ... - ' -

By =20 lﬂﬁpsz E2—15><10psi .

G =10 x _106;;5_sz', vig = 0_.29

X = 310ksi,Y = Oksi,S=15ksi - (a)
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X' = L310ksi, ¥’ = —30ksi
thickneés of lamina = .005%

The stiffness matrices [Q;;] are obtained as

20.13 044 0

@ =1 044 151 0 | x10%si
| o o 100l

6.63 4.63 +4.65

[Qliase = | 463 6.63 +4.65 | x 10%psi
+4.65 465 5.19

T151 044 o 1
[@]goo = 0.44 20.13 0 X 106p8'&
0 0 1.00 ¢

‘The [A] is'

350 1.01 0 o
[A]=] 101 350 0 |x10%b/in
.0 0 124

The inversion of [A] is

313 —091 0
[A]'=| -091 313 0 | x10-%n/ib
0 0 808

S For':a:uﬁiaadal-load N (N, =N, =0), the laminate strains a,ré "

qoy

e (N) (313}
e =470 P =N {091 px1078
Yoy ' 0) 0

The laminar stresses 0,5, 0y, and o4, can be computed using

Tz o 62 ._
{ayy } = [Q]k{ 5; { .
'O':cy k_ R : ,Yzy S
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By using the coordinate transformation law for stress, we next obtain the stress
components o1y, 029, and ¢ In each lamina . The results are

11 626
{ o2 } = N,,.{ 0.003 } (b)
012 g -0
on ) 22.82 )}
{ oo } = N,,{ 2.18 } (¢)
Fi9 _ +4.04

713 _ —16.90
O ¢ =N, 4.33 (d)
J12 . G '

[0

To determine the failure load for each lamina, we choose the Hill-Tsai crite-
rion. By substituting (b)-(d) into the failure criterion, we can obtain the critical Ny,
for failing each lamina For the 900 -ply, we have

o ( 16.9 2+(4.33)2+16.9><4.33 _q
#er 1 \ 310000 9000 3100002 [~ -

Nocr = 2063 1b/in.

from which

By using a similar procedure, the critical loads for failing other laminas can be
calculated. We obtain N, = 495016/4in for the 0° ply and N, =2711lb/in for the
+45° -plies . In this case, the critical load for the 90° -ply turns out to be the smallest
and, thus, is the critical load for the laminate. This load is the first ply-failure load

To determine the mode of failure, the stress-strength ratios are calculated as

ou _ 16.9N,,;,,
X7 310000

3
s

> 4.33N. |
G::L: 0223 . Ter — 0 99
&’g\ T ( 7= 000 T

II‘”
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Thus, the mode of failure is 2 matrix failure.
By setting E = G2 = 0 in the 90° -plies and reformulating [A], we have

3.34 097 0
[A]
0 0 114

097 348 0 }xms Ib/in

Though not necessary, we continue to load the laminate with N, = 2063 Ib/in.
At this load, the stresses in the laminas are obtained as

o1 134.55 }
{ -~ } = { 0.11 }x 10%psi

12 J oo - 0 .

011 : : 49.87
{ O } = { 4.72 }x 10%psi
o), |F860) -

o1 —3751 )} . -
Oa2 =< 0 x 10%psi-
012 Jgge ._ 0 _ .

The corresponding fallure load for each lamma. is calculated using the Hill-Tsai

 criterion as before. The results are.

 (Wa)ee = 4756 Ibfin
- (Noep)ase = 2605 ibjin’
(chr)ggo = 17336 lb/zn R

Thus ‘the second ply—fa;llure—load is equal to 2605 lb/ in. The mode of fa.llure is easﬂy
_ identified as matrix failure (in-plane shear) in the £45° -plies.”

After modifying the Q;; for the 1:45° -plies, a new [A] matrix is obtained, and
the laminar stress analysis continues. At N, = 26051b/in, the stresses in the laminas

are found as |
O11 195. 16
O22 =< 061 X 10 psi
o Je b0 I
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011 : - 65.32

{ T2 } = { 0 } X 103278?:
012 J 4o L O ‘
o1 _ _. —64.71

{ 022 } = { -0 }x 103psi
012 oo L 0}

Examination of these laminar stresses with the failure criterion indicates that
the 0° -plies are to fail first at the load

' Nyor = 4129 Ib/in

and the mode of failure is that of fiber failure. Once. there is fiber failure, the laminate
is assumed to have failed. Thus, the laminate under consideration has the uniaxial
tensile strength of N, = 4129b/in.

Incremental Stiffness Reduction Model

To avoid the sudden jump in strain at ply failures, a model resembling the
bilinear hardening rule in classical plasticity can be formulated. It is assumed that the
reduced laminate stiffness governs only the incremental load-deformation relations,

( AN A | BY A=)y -~
S -
am ], |B1D)|ae],

where A indicates the increment, and A, B, and D are the reduced laminate stiffnesses
after the i-th ply-failure. For ¢ = 0,4, B, and D of the virgin laminate stiffnesses
. are recovered. Thus, between the 4-th and (¢ -+ 1)th ply-failures, the incremental
Jaminate deformatlon can be obtained from (6.42) for a given load increment . The
total load is obtained from addmg the load increment to the cntlca.l Ioad causmg the

- ith ply-faﬂure, thatis, e P ‘ o
I QY S ST S o (643)
M), Mer |, { AM ),

Similarly, the total strains and curvatures of the laminate are given by
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[HEEE -

This step-by-step analysis leads to a nonlinear laminate stress-strain curve
shown in Fig. 6.7 . For monotonic loading, the stress-strain curve produced by this
model seems reasonable. The dilemma is encountered when one attempts to establish
a reasonable unloading path. If clagsical plasticity is followed, then unloading should
follow the elastic unloading path AB (see Fig. 6.7) which is parallel to the initial slope
of the stress-strain curve. In most fiber composites with brittle matrices, however,
the unloading path more or less follows the path AQ. Thus, the loading curve beyond
the first ply-failure cannot be regarded as the hardened yield surface in the sense of

continuum plasticity.

Stress |

» Ply Failure

_Strain
- Fig. 6.7 Progressive failure of laminate -

.'S.ud‘den Faﬂure Model |

In fiber-dominated composite laminates, the laminate stiffness reduction due
to progressive matrix failures is usually insignificant. This suggests that, in such
laminates, the progressive stiffness reduction may be unnecessary and the lamiinate
failure may be taken to coincide with the failure of the load carrying ply. Figure 6.8
shows the stress strain curves of a few fiber-dominated T300/5208 graphite/epoxy

* composite laminates under simple tension [6.5]. These results confirm our conjectures.

Consider Example 6.1 in which the 0o -ply in the [:45/0/90]s, laminate is the
controlling ply. From the laminate analysis results given by equation (b) the sudden
failure model in conjunction with the Hill-Tsai Jatlure criterion prédjcts_ tl‘}e strength

of the [+45/0/90]s laminate to be

' Noor = 4950 Ib/in
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Comparing this with N .= 4129 Ib/in predicted by the parallel spring model)it is
evident that the sudden failure model tends to predlct a hlgher laminate strengt

composite laminates in conjunction with Tsai-Wa fazlure criterion. The unic
tional composite properties are

By = 20 x10° psi (137.9 GPa)

E, = 14 x10° psi (9.7 GPa)

G = 0.8 x 10° psi (55GPa) ,

Vyg = 03 ' ‘

X = —X'=200 ksi (1380 M Pa)
Y = 6.96 ksi (48 MPa),Y’ = —27.8 ksi (—192 MPa)
S = 13.0 ksi (90M Pa) o

Figure 6.9 presents the comparison between the theoretical and experimental
strengths of [0y /+0]s laminates. Fairly good agreement is noted. For these laminates,
no delamination prior to laminate failure was observed.

Figure 6.10 shows similar results for [0y/28/90]s. and [0,/90/26]s laminates.
The theoretical results are fairly good except for # < 45° in [0,/4-6/90]¢, laminates. In
these laminates with # < 45° extensive delamination is present which is an additional
failure mode that is not accounted for by any of the three laminate failure models.
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Problems

6.1 The properties of the A54/3501 — 6 graphite/epoxy composite are given as

By = 140GPa , By = 10GPa , Gys = 1GPa

vy = 0.29

X = 2200MPa,X = —1700M Pa

Y = 60MPa,Y =—200MPa,S=100MPa
oy = —1x10%/°C, ay = 426 x 107%/°C

a) Plot the failure envelopes for the composite under biaxial loading (o; = o3,
O3 = 03, 012 = 0) usmg all ﬁve failure criteria

b) Plot the maximum uniaxial tensile stress 0z applied to off-axis composites

versus the off-axis angle # (from 0° to 90°) using maximum stress and Hill-Tsai
critetia.

@md the first  first ply failure and ultimate failure loads for the AS4/ 3501 —6 [+45°]
laminate subj subjected to uniaxial tension N;. Use the Separate Mode Failure
______ Criterion.

/" ""@Ssume that the stress-free temperature for a square AS4/3501 —~ 6[0/90]5
o composite laminate is 200°C. The edges of the laminate are fixed. Find the
temperature at which first ply fallure would occur according to the Maximum

Stress Criterion.
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